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Abstract:
Hidden theories coupled to the SM may provide emergent (dark) vectors, that are
composites/bound-states of the hidden fields. This is motivated by paradigms emerg-
ing from the AdS/CFT correspondence but it is a more general phenomenon. We
explore the general setup and find that UV interactions among currents or charged
fields give rise to emergent vectors in the IR. We study the general properties of
such vectors and argue that they can be generically different from fundamental dark
photons that have been studied so far.
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1. Introduction
Modern theories of particle physics generally rely on two types of symmetries. One
class of them is global space-time symmetries like Lorentz invariance. The other class
is gauge symmetries and all fundamental interactions of particle physics are based
on gauge theories.
Gravity is both similar and different. On one hand, it gauges local space-time
symmetries like translations and rotations and it is therefore based again on the
gauge principle. On the other, the nature of the gauge symmetry is rather different
from gauge theories.
It has long been claimed that both Lorentz invariance as well as gauge symmetry
are IR “accidents”, [1]. The claims on Lorentz invariance have been analyzed on
different occasions and different contexts, especially recently, [2]-[6]. An emerged IR
Lorentz invariance remains a possibility, although it seems “fine tuning” is needed.
On the other hand, a gauge symmetry that emerges in the IR, is a radical de-
parture from the paradigm that developed in the last 50 years, crowning the success
of the Standard Model (SM), where the gauge principle emerged as the fundamental
principle. It is believed by most in the field that the gauge principle is central to par-
ticle interactions, at all scales. However, slowly and sporadically, there were attempts
to investigate alternative routes, in which gauge invariance appears or emerges in the
IR.
In the condensed matter literature the notion of emergence is less of a taboo,
and the issue of emergent gauge invariance has been entertained on various occasions.
An early appearance of emergent gauge fields is at Resonance Valence Bond (RVB)
models of antiferromagnetism, [7]. It has been advocated in lattice models that due
to string-net condensation emergent gauge invariance and photons can appear, [8].
And it has been also generalized to emergent gravity, [9].
The notion of emergence from strings is also interesting. Although it is rarely
viewed in this light, (fundamental) strings provide emergent gauge bosons and gravi-
tons. The input in NS-R string theory is the two-dimensional theory of scalars and
fermions on the world-volume. The output is space-time gauge bosons and gravitons,
among others.
In condensed matter another instance of emergence of gauge invariance appeared
in the context of fractionalization phenomena and the emergence of fractionalized
quasiparticles, [10]. This culminated in the so called “deconfined quantum critical
points”, [11]. Such points are second order quantum phase transitions where the
critical theory contains an emergent gauge field and “deconfined degrees of free-
dom” associated with the fractionalisation of order parameters. Motivated by the
AdS/CFT correspondence, novel condensed matter systems were designed and stud-
ied, prtraying the emergence phenomenon, [12],[13].
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In the high energy community, efforts for describing photons as emergent parti-
cles were initially motivated by ideas on superconductivity, transferred to the particle
physics realm by Nambu and Jona-Lasinio, [14]. Following the same lead, it was ar-
gued that the four-fermion Heisenberg theory with current-current interactions leads
to an emergent photon, [15, 16, 17]. This theory however, being four dimensional
and non-renormalizable did not allow the study to go far. There has been however
the same phenomenon, studied in two dimensions in the context of the CPN−1 σ-
model, [18, 19, 20]. In such a case it was established beyond doubt the emergence of
a (propagating) vector particle in that theory.
Another form of emergence is at work in the work of Seiberg on the phases of
N=1 superQCD, [21]. In [22] the analogue of the ρ-mesons of the strongly coupled
IR theory were interpreted as the dual, weakly coupled magnetic gauge bosons of
Seiberg, providing another interesting example of (non-abelian) emergence.
That said there already existed various models in the context of high energy
physics such as the CPN model in which a global symmetry becomes effectively
gauged at low energies that have a close affinity to the models studied traditionally
in condensed matter physics.
The AdS/CFT correspondence, [23], and its generalizations (holography), have
given an extra boost, and a “new dimension” to the concept of emergence. In holo-
graphic duals, what is a (gauge-invariant) bound-state of generalized gluons, becomes
in the gravitational description a graviton, and photon, or any other bulk particle.
Gauge invariance and diffeomorphism invariance is emergent (similarly to how it
happens in string theory).
The emergence of gauge bosons and related constraints was studied in [24], where
the connection also with the Weak gravity conjecture was highlighted. In [25] a
program was outlined, motivated by the holographic correspondence on how to obtain
gravity and other long range interactions from “hidden” holographic theories, coupled
to the Standard Model (SM) weakly in the IR. The emergence of axions was studied
in detail in [26] and new forms of axionic dynamics has been uncovered.
In composite approaches to gauge interactions, the major difficulties lie in pro-
ducing a theory with a sensible strong-coupling structure, and appropriate long-
distance dynamics. The popularity of making composite gravitons (and gauge bosons)
has also motivated the well-known Weinberg-Witten (WW) Theorem, [27] that pro-
vides strong constraints on composite gravitons (and composite gauge bosons).
Under a set of assumptions that include Lorentz invariance, well-defined particle
states, a conserved covariant energy momentum tensor and a Lorentz covariant and
gauge-invariant conserved global currents, the theorem excludes
• massless particles of spin s > 1
2
that can couple to a conserved current, and
• massless particles with spin s > 1 that can couple to the energy momentum
tensor.
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Its assumptions however, allow for several loop-holes that help evading the the-
orem in known cases. In particular, in does not exclude Yang-Mills theory, as in
that case the global conserved currents are not gauge-invariant. It also does not ex-
clude a “fundamental” graviton coupled to matter, as the Lorentz-covariant energy-
momentum tensor is not conserved (but only covariantly conserved).
Another counterexample is presented by the massless ρ-mesons at the lower-end
of the conformal window of N=1 sQCD1, [22]. They evade the WW theorem because
of the emergent gauge invariance, associated to them.
In any relativistic quantum field theory, with a global U(1) symmetry, there is
at least one state with the quantum number of a U(1) gauge boson. It is the state
generated out of the vacuum by the action of the (conserved) current. In weakly-
coupled theories this state is unique, while in strongly coupled theories there may
be several such states generated by the action of the current. If a theory possesses
a large-N, strong coupling limit, then the width of such states vanishes and there is
an infinite number (or a continuum) of them.
In weakly-coupled theories a state generated by the current, is a multi-particle
state and therefore its effective interactions are expected to be non-local. In the
opposite case, where the interactions are strong, we expect such a state to be tightly
bound. If its “size” is L, then we might hope that at distances ≫ L the effective
interactions of such a state may generate a vector-interaction, plausibly a gauge
theory.
In particular, in a theory with an infinite coupling, we expect to have an emergent
photon with a point-like structure. If the theory is not conformal, and has a gap, then
we expect a discrete spectrum of such states, associated to the (generically complex)
poles of the two-point function of the U(1) current. In a generic strongly-coupled
theory, most such states will be unstable. In YM, to pick a concrete example, such
states are generated by a vector composite operator (that is not a conserved current)
and are in the trajectory of the 1+− glueball. If we consider QCD instead of YM,
then we have conserved currents and novel massive vectors associated with them.
If instead, the strongly-coupled theory is conformal, then the spectrum of vector
bound-states forms a continuum.
In the context of holography, the masslessness of the higher-dimensional gauge
bosons is explained by the conservation of the associated global current of the dual
QFT. Once this conservation is violated, either explicitly by a source boundary condi-
tion, or spontaneously (a vev boundary condition) the gauge field in the bulk obtains
a mass, and the associated current an anomalous dimension.
1There is long history on attempts to describe (composite) ρ-mesons in terms of a low-energy
gauge theory, coming under the name of “hidden symmetry”, [28]. Its proper realization was
explained in the context of the AdS/CFT correspondence, [29]. The situation in sQCD however is
distinct, as it has further ingredients that allow the ρ-mesons to become light/massless and weakly
interacting.
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Therefore the “masslessness” of the higher dimensional vector is the avatar of the
global invariance of the dual QFT and the conservation of the associated boundary
current. This does not however imply that the four-dimensional (emergent) vector is
massless. Indeed, in N=4 sYM defined on Minkowski space we obtain a continuum
of spin one states starting at zero mass2. If instead we define the theory on R× S3,
then the vector spectrum is discrete, but the theory has lost Lorentz invariance.
We therefore learn from the holographic duality that,
• Strong coupling in QFT makes emergent/composite vectors tightly-bound
states.
• Large N makes emergent/cosmposite vectors weakly interacting.
Both properties are essential in obtaining a semiclassical and local theory of
(composite) vector interactions.
The AdS/CFT intuition therefore suggests that semiclassical effective vector in-
teractions with composite vectors are expected to emerge from holographic quantum
field theories, where the semiclassical nature of the interaction is related to the large-
N limit. If we are to describe “dark photons” as emergent vectors coupled to the
SM then we must seek their emergence in a hidden holographic theory. The simplest
way3 is to postulate that, [25],
• The whole of physics is described by a four-dimensional QFT.
• The total UV QFT contains a holographic part that is distinct from the (UV
limit of the) SM. We shall call it the “hidden” (holographic) theory.
• This holographic part is coupled in the UV to the standard model via a mes-
senger sector. It consists of fields transforming as bi-fundamentals under the gauge
group of the “hidden” theory, and the gauge group of the SM. We shall call these
fields the messengers. Their mass M shall be assumed to be much larger than any
of the SM scales.
• At energies≪ M we may integrate out the messengers and we end up with an
effective theory consisting of the SM coupled to the hidden holographic theory via
irrelevant interactions4.
• Although all operators of the hidden theory are coupled weakly at low energies
to the SM, the SM quantum corrections generate O(M) masses for all of them with a
2This is the reason this theory evades the WW theorem which assumes among other things a
isolated bound-state. The WW theorem involves a subtle limit to define the helicity amplitudes
that determine the couplings of massless states to the stress tensor or a local current. This limiting
procedure is not valid in theories where the states form a continuum.
3There may be more exotic variations on this theme. The SM could be part of the semiclassical
holographic theory, and its elementary fields, to be composites of more elementary fields. Or it
could be that parts of the SM are composite and others elementary. Crude holographic translations
of these possibilities have been considered in the past in the context of the RS realizations of the
SM, [31].
4There is one possible exception to this statement and it is connected to the gauge hierarchy
problem.
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few notable exceptions that are protected by symmetries: the graviton, the universal
axion, [26], and exactly conserved global currents, [30].
Some of the relevant issues of this rather general setup have been discussed in
[25]. In this paper we undertake a closer look at the emergence of vector interactions.
The case of emergent gravity will be treated in a companion paper, [32].
1.1 Results and Outlook
Our results are as follows
• We define and establish the dynamics of emergent/composite vectors in a given
QFT using an appropriately defined effective action for an abelian global U(1)
current that is conserved. We show that the Schwinger functional can be
defined so that it is locally gauge invariant. The effective action involves a
dynamical vector and has no gauge invariance. It summarizes the propagation
and interactions of composites generated by the global U(1) current.
• In the presence of charged sources the emergent U(1) vector is effectively mas-
sive, and in gapped theories one can expand the effective action in a derivative
expansion.
• In the absence of charged sources, the interactions of the emergent vector are
non-local. They can be described however using an auxiliary antisymmetric
two tensor that turns out to be massive.
• When two independent QFTs are coupled via a current current interaction,
a linearized analysis indicates that the presence of the coupling induces an
vector-mediated interaction of currents in each theory. From the point of view
of one of the theories (the “visible” theory), this interaction is mediated by an
emergent vector field and its propagator is the inverse of the current-current
correlator of the “hidden” theory.
This interaction is always repulsive among identical sources if the theories are
unitary. Isolated poles in the two-point function of the current in the hidden
theory amount to massive vector exchange while continuous spectra in the
correlator provide other non-standard types of behavior for the emergent vector
interaction.
• The linearized analysis can be complemented with a fully non-linear formu-
lation that describes the dynamics of the emergent vector field in the visible
theory. There are several distinct cases of coupling the two theories that give
rise to distinct symmetries and dynamics that we enumerate below.
1. A hidden theory with a global U(1) symmetry and a current-current cou-
pling to a SM global (non-anomalous) symmetry. An example could be
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B − L in the SM. In that case, the result is that the hidden global sym-
metry will generate a (generically massive) vector boson that will couple
to the B-L charges of the SM. In such a case, the combined theory still
has two independent U(1) symmetries, but one of them only is visible in
the SM, (the hidden symmetry is not visible from the point of view of the
SM).
2. A hidden theory with a global U(1) symmetry and a coupling between a
charged operator in the hidden theory to a charged operator of the SM
under a SM global (non-anomalous) symmetry. Such a coupling breaks
the two U(1)’s into a single diagonal U(1). This leftover U(1) couples to
the emergent vector boson.
3. In the two cases above, the U(1) global symmetry of the SM may also be
an anomalous global symmetry, like baryon or lepton number. Although,
some of the properties of the new vector interaction remain similar to
what was described above, there are new features that are related to the
anomaly of the global SM symmetry. In such a case, we expect to have
similarities with the anomalous U(1) vector bosons of string theory5.
4. A hidden theory with a global U(1) symmetry and a current-current cou-
pling to the (gauge-invariant) hypercharge current. In this case both the
hypercharge gauge field and the emergent vector couple to the hypercharge
current. By a (generically non-local) rotation of the two vector fields, a
linear combination will become the new hypercharge gauge field while the
other will couple to |H|2 where H is the SM Higgs.
5. A hidden theory with a global U(1) symmetry, whose current is Jµ and a
coupling with the hypercharge field strength of the SM of the form
Sint =
1
m2
∫
d4xF µν(∂µJν − ∂νJµ) (1.1)
where the scale M is of the same order as the messenger mass scale. By
an integration by parts this interaction is equivalent to the previous case,
using the equations of motion for hypercharge.
In all of the above we have an emergent U(1) vector boson that plays the role
of a dark photon, and in this context the single most dangerous coupling to
the standard model is the leading dark photon portal: a kinetic mixing with
5Anomalous U(1) symmetries abound in string theory, [34]. In SM realizations in orientifold
vacua, the SM stacks of branes always contain two anomalous U(1) symmetries and generically
three, [37]. Their role in the effective theory can be important as (a) they are almost always the
lightest of the non-standard model fields, due to the fact that their masses are effectively one-loop
effects, [35, 36]. A typical such effective theory is analyzed in detail in [38].
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the hypercharge, [33]. We can make estimates of such dangerous couplings
using (weak coupling) field theory dynamics, but it is also interesting to make
such estimates using dual string theory information at strong coupling. Such
a study is underway, [30].
• The case where the hidden theory is a holographic theory (large-N, strong
coupling) holds special interest. In such a case, the hidden theory is described
by a bulk gravitational theory, that is coupled with the visible theory at a
special bulk scale. The gravitational picture is that of a brane embedded in a
holographic bulk, as in earlier brane-world setups. The global U(1) current in
the (hidden) holographic theory is now dual to a bulk gauge field that couples to
charged states on the brane. An induced brane localized kinetic term emerges
on the brane due to SM quantum corrections.
In the ultimate IR, the effective vector coupling gIR and mass mIR for such a
emergent photon are given by
1
g2IR
≃ d2
d20
1
mg25
+
1
g24
,
m2IR
g2IR
≃ m
2
d0(mg25)
+
m20
g24
(1.2)
In the formulae above, the first contribution on the left-hand side is due to the
bulk theory and the second contribution is due to the SM. In particular, m is
the dynamical scale of the hidden theory, g5 the bulk gauge coupling constant,
g4 is the dimensionless induced gauge coupling constant on the brane, due to
the SM quantum corrections. m0 is a possible mass generated on the brane,
if spontaneous symmetry breaking occurs. Finally, the coefficients d0, d2 are
dimensionless coefficients appearing in the bulk to bulk propagator of the gauge
boson.
• In the holographic context, the coupling controlling the interactions of the
emergent vector is naturally weak, in the large N limit. The same applies to
the bulk contributions to its mass, similarly to what happens to gravitons in a
similar setting, [39].
• Unlike fundamental dark photons, the emergent photons described here, espe-
cially in the holographic context, have propagators that at intermediate en-
ergies behave differently from fundamental photons and therefore can have
different phenomenology and different constraints from standard elementary
dark photons. The same was found recently for , emergent axions in [26]
• The most dangerous coupling of emergent vectors to the SM is via the hy-
percharge portal, [33], which is a kinetic mixing with the field strength of the
hypercharge. Such a coupling is severely constrained by data. This coupling is
naturally suppressed in our context (large N), but a detailed study of this issue
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will appear in the near future, [30]. It turns out that when the hidden theory is
at strong coupling, there is additional suppressions of the hypercharge mixing
term.
The structure of this paper is as follows. In section 2 we describe our general
setup concerning the required properties of the hidden theory and its coupling to the
SM. In section 3 we describe the definition and properties of the effective action for
a global U(1) current in a QFT. In section 4 we describe the coupling of a hidden
and a visible theory, and the induced vector interaction in the visible theory in the
linearized approximation. In section 5 the non-linear theory for the emergent photon
is formulated. In section 6 the holographic emergence theory is treated. In section
7 we analyze the non-local effective action for the emergent vector in the absence of
sources. Finally section 8 contains a discussion of the results.
In appendix A we present the current two point function in free bosonic and
fermionic theory. Appendix B contains a review of the Ka¨llen-Lehmann representa-
tion of the current two-point function. In appendix C we survey the long-distance
behavior of the static potential mediated by the emergent vector. In appendix D we
analyze the effective action of the current vev in the presence of multiple charged
sources. In appendix E we analyze the structure of the higher derivative terms in the
effective action and the issue of emergent gauge invariance. In appendix F we derive
the full effective action by Legendre-transforming also the charged sources. Finally
in appendix G we derive the vector bulk propagators relevant for the holographic
case.
2. The general setup
The starting point of our analysis is described in [25], namely a UV-complete theory
that in the IR splits into two weakly interacting IR sectors6 . One of these sectors,
will be identified with the “visible” theory which for all practical purposes is the
Standard Model and some of its direct extensions. The other, that we call the
“hidden sector”, and we shall denote as Q̂FT, is a theory that in the IR is weakly
interacting with the SM.
The complete theory is defined on a flat (non-dynamical) space-time background
gµν ≡ ηµν . From the IR point of view, the two IR sectors are connected by irrelevant
interactions. These interactions have a characteristic scale M , that si assumed to be
well above all scales of the SM and the IR Q̂FT.
A way to think about the origin of such a coupling, is to think of two distinct
gauge theories that are coupled together with a set of bi-fundamental fields (we call
6There are several similarities between these models and what have been called “hidden valley”
models in the literature, [40].
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them the messengers) with mass M in such a way that the total theory is UV-
complete. This amounts to the fact that the UV limit of the total theory is well
defined and is given by a four-dimensional CFT. The messenger mass M controls
the strength of the interactions between the two IR sectors, the SM and the hidden
theory, Q̂FT.
At energy scales much smaller than the messenger mass, M , the messengers can
be integrated-out leaving the hidden Q̂FT interacting with the visible one via a series
of non-renormalizable interactions. In this paper, we focus in particular in studying
the effective induced interactions that are related to global U(1) symmetries. The
study of other types of symmetries is undertaken in [32, 26] and results in effective
theories of emergent gravity and axions. We now give a few more details and review
the precise setup originally described in [25, 32].
2.1 The assumptions
Having described the idea, we now make explicit our assumptions on the class of
theories we consider.
Our starting point is a local relativistic quantum field theory. We assume that
this quantum field theory has the following features:
(a) It possesses a large scale M and all the other characteristic mass scales mi ≪
M .
(b) At energies E ≫M the dynamics is described by a well-defined ultraviolet the-
ory. For example this could be a UV fixed point described by a four-dimensional
conformal field theory.7
(c) At energies E ≪ M there is an effective description of the low energy dynamics
in terms of two separate sets of distinct quantum field theories communicating
to each other via irrelevant interactions. We shall call the first quantum field
theory the visible QFT and shall denote all quantities associated with that
theory with normal font notation. We call the second quantum field theory the
hidden Q̂FT and shall denote all its quantities with a hat notation. Schemat-
ically, we have the following low energy description in terms of an effective
action
SIR = Svisible(Φ) + Shidden(Φ̂) + Sint(Φ, Φ̂) , (2.1)
where Φ are collectively the fields of the visible QFT and Φ̂ the fields of the
hidden QFT. The interaction term Sint can be formally described by a sum of
irrelevant interactions of increasing scaling dimension
Sint =
∑
i
∫
d4xλiOi(x)Ôi(x) , (2.2)
7We could also envisage a more exotic UV behavior involving higher dimensional QFTs or some
form of string theory.
– 11 –
where Oi are general operators of the visible QFT and Ôi are general operators
of the hidden QFT. Sint arises by integrating out massive messenger degrees
of freedom of the UV QFT with characteristic mass scale M . This scale then
defines a natural UV cutoff of the effective description. It is hence a physical
scale determining the point in energy where the theory splits into two sectors,
weakly interacting with each other at low energies.
(d) If we further assume that the hidden Q̂FT is a theory with mass gap m, at
energies E in the range m ≪ E ≪ M we can employ the description (2.1) to
describe a general process involving both visible and hidden degrees of freedom.
For energies E ≪ m ≪ M on the other hand, it is more natural to integrate
out the hidden degrees of freedom and obtain an effective field theory in terms
of the visible degrees of freedom only.
Our main focus then will be the low energy (E ≪ M) behaviour of observables
defined exclusively in terms of elementary or composite fields in the visible QFT,
relevant for observers who have only access to visible QFT fields. In addition we
focus in an effective description of global U(1) symmetries and the possibility that
these symmetries have to appear as gauged symmetries in the low energy effective
description.
More explicitly, we consider the generating functional of correlation functions
(Schwinger functional) for the visible QFT defined as
e−W (J ) =
∫
[DΦ][DΦ̂] e−Svisible(Φ,J )−Shidden(Φ̂)−Sint(Oi,Ôi) . (2.3)
We use a Euclidean signature convention (that can be rotated to Lorentzian) where
J is collective notation that denotes the addition of arbitrary sources in the visible
QFT. This path integral is a Wilsonian effective action below the UV cutoff scale
M . By integrating the hidden sector fields Φ̂ we obtain
e−W (J ) =
∫
[DΦ] e−Svisible(Φ,J )−W(Oi) , (2.4)
where W is the generating functional in the hidden QFT,
e−W(Ĵ) ≡
∫
[DΦ̂] e−Shidden(Φ̂)−
∫
ÔĴ . (2.5)
We first observe that from the point of view of the hidden QFT, the visible operators
Oi appearing in the interaction term Sint in (2.1) and (2.2) are dynamical sources.
In (2.4), an observer in the visible sector registers a formal series of increasingly
irrelevant interactions. We would like to understand when it is possible to reformulate
these interactions by integrating-in a set of (semi-)classical fields. We focus in the
case of U(1) symmetries and we shall try to understand under which conditions, the
effective action for these fields is a sensible U(1) vector theory.
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3. The effective action for a global conserved current
In this section we consider a simpler framework for the emergence of gauge invari-
ance. We consider a single QFT with an exact U(1) global symmetry. Our analysis
is general but we also present an explicit example by expanding the Schwinger func-
tional in an IR derivative expansion in section 3.2. Other global internal symmetries
can be treated in a similar fashion. Anomalies in global symmetries can be treated
also but we shall not do this here. Some elements in this direction were given in [6].
In appendix D we present more general effective actions, for example in the case of
multiple fields or in the presence of higher derivative corrections.
3.1 The effective action for a U(1) symmetric theory
Consider a theory with a global U(1) symmetry, and an associated conserved current,
Jµ. We define and study the Schwinger source functional for the current as well as
charged operators in that theory. To simplify matters, we include a single charged
scalar operator O(x) with charge one, as it is enough to indicate the relevant issues.
Let O be a complex operator charged (with charge 1) under the global symmetry
current Jµ. We construct the extended source functional by adding the appropriate
sources to the action of the theory
S(φ,A,Φ) = S(φ) +
∫
d4x [Jµ(x)Aµ(x) + Φ(x)O
∗(x) + Φ∗(x)O(x)] + · · · (3.1)
where φ denote collectively the quantum fields of the theory. The Schwinger source
functional is then defined as
e−W (A,Φ) ≡
∫
Dφ e−S(φ,A,Φ) (3.2)
It is well known that the Schwinger functional of a source gauge field Aµ coupled
to a conserved global symmetry current Jµ has a local gauge invariance if defined
properly, (see [6] for example). This remains true if the global symmetry has the
usual triangle anomalies, [6]. The ellipsis in the formula (3.1) contains possible terms
that have to be added to restore local gauge invariance.
The functionalW (A,Φ) is therefore locally gauge-invariant under the U(1) gauge
transformations
Aµ → Aµ + ∂µǫ(x) , Φ→ Φ e−iǫ(x) (3.3)
This is equivalent to the standard Ward identity
∂µ
δW
δAµ
+ i
(
Φ
δW
δΦ
− Φ∗ δW
δΦ∗
)
= 0 (3.4)
The gauge invariant completion of the Schwinger functional is not unique. Like
in the case of translational symmetries, the conserved current can be modified by
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adding topological8 currents (currents that are conserved identically without using
the equations of motion). This is equivalent to adding local gauge invariant terms
to W . As an example, the following addition
W ′ = W +
1
4
∫
d4x Z(|Φ|2)FµνF µν (3.5)
modifies the current by
J ′µ ≡
δW ′
δAµ
= Jµ − δJµ , δJµ = ∂ν
[
Z(|Φ|2)Fνµ
]
(3.6)
As is obvious δJµ is identically conserved,
∂µδJµ = 0 . (3.7)
without using the equations of motion.
To fix this ambiguity we define the gauge-invariant extension of the Schwinger
functional by minimal substitution, which in the U(1) case is a unique prescription
as covariant derivatives commute. Generically however, if we define the U(1) current
in the presence of arbitrary gauge fields, this fixes the enormous scheme ambiguity
of the Schwinger functional.
It should be also mentioned that the gauge invariance of the Schwinger functional
is explained by the fact that the operator ∂µJµ is zero on-shell, and is therefore a
redundant operator of the theory. Perturbing the theory with it, has no effect.
It should be stressed that the gauge invariance of the Schwinger functional is
always underlying a U(1) global symmetry. However, in the presence of arbitrary
non-trivial charged sources, the U(1) current obtained from the Schwinger functional
is not anymore conserved. Its divergence is a linear combination of charged sources
and “equations of motion”. This is explicitly visible in the Ward identity (3.4). In the
special case that the Schwinger functional is extremal with respect to the charged
sources, (Φ in our case), then the current is conserved. This amounts to setting
δW
δΦ
= δW
δΦ∗
= 0 in (3.4). Extremality of the functional with respect to the charged
sources is equivalent to the absence of charged expectation values, as expected.
Having fixed this ambiguity, we should remember that, as usual in QFT, W (A)
is UV divergent and requires regularization and renormalization. We shall not delve
a lot in this direction as it has been studied for decades, but suffice to say that this
can be done even for chiral non-anomalous symmetries. That may be done with-
out breaking the global symmetry in the regularized theory. Even when the global
8By “topological” we mean currents that are identically conserved independent of the dynamics
of the theory. Standard topological currents that are associated with topological invariants, as for
example the Chern-Simons current, are special cases of our definition here. For example, for any
antisymmetric local gauge-invariant operator Oµν , Jν ≡ ∂µOµν is conserved identically. This exam-
ple is of course the tip of the iceberg. For example the current Jµ = δW
δAµ
with W (A) an arbitrary
local gauge-invariant functional, without minimally charged sources, is identically conserved.
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symmetry is broken at finite cutoff, techniques exist to provide a finite renormal-
ized Schwinger functional that is gauge-invariant, and has a few extra parameters
associated with standard scheme dependence because of renormalization.
We now assume that we have in hand a concrete renormalized Schwinger func-
tional with U(1) gauge invariance. We shall define the effective action for the current
by Legendre-transforming W , only with respect to the gauge field. Since the fields Φ
could also be sources with no dynamical equations of motion, we therefore need an
appropriate definition that holds both for dynamical and non-dynamical Φ. The Leg-
endre transform should also respect the original gauge invariance exemplified by 3.3
and 3.4.
We now define the Legendre transform with respect to an arbitrary original
background Aµ. Aµ could be also trivial. The Legendre transform is
Γ(V˜ ,Φ,Aµ) =
∫
d4x
[
−V˜ µ(Aµ −Aµ)
]
+W (A,Φ) . (3.8)
The expectation value of the current is
〈V˜µ〉 ≡ δW
δAµ
∣∣∣∣∣
Aµ=Aµ
. (3.9)
The conservation law (3.4) hence becomes
∂µ〈V˜µ〉+ i
(
Φ
δW
δΦ
− Φ∗ δW
δΦ∗
) ∣∣∣∣∣
Aµ=Aµ
= 0 (3.10)
With these definitions, we maintain gauge invariance explicitly, since both the back-
ground and the gauge field transform in the same way, while V˜ is invariant.
The effective action Γ is constructed to have the property that it is extremal
with respect to V˜µ. To show this we first obtain by direct functional differentiation
δΓ
δV˜ µ
= (Aµ − Aµ)− δA
ν
δV˜ µ
V˜ν +
δW
δV˜ µ
(3.11)
and by using the chain rule
δW
δV˜ µ
=
δW
δAν
δAν
δV˜ µ
= V˜ν
δAν
δV˜ µ
, (3.12)
the variation with respect to the emerging vector field V˜µ is
δΓ(V˜ ,Φ,Aµ)
δV˜µ
= (Aµ −Aµ) . (3.13)
We therefore find that it is extremal on the background solution
δΓ(V˜ ,Φ,Aµ)
δV˜µ
∣∣∣∣∣
Aµ=Aµ
= 0 (3.14)
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In addition with this definition we find
δΓ(V˜ ,Φ,Aµ)
δΦ
= (Aµ − Aµ)δV˜µ
δΦ
+
δW
δΦ
(3.15)
So on the background, the result is
δΓ(V˜ ,Φ,Aµ)
δΦ
∣∣∣∣∣
Aµ=Aµ
=
δW
δΦ
∣∣∣∣∣
Aµ=Aµ
= 0 (3.16)
where in the last equality we used the on-shell condition on W from the EOM’s of
Φ. In case Φ is a non-dynamical source, equation (3.16) determines the expectation
values of the charged sources. The original conservation law 3.10 is now written as
∂µV˜
µ + i
(
Φ
δΓ
δΦ
− Φ∗ δΓ
δΦ∗
) ∣∣∣∣∣
Aµ=Aµ
= 0 (3.17)
We therefore find that the two formulations of the problem are equivalent on the
background Aµ, regardless on whether the fields Φ are dynamical or not.
The effective action Γ(Vµ), describes the complete quantum dynamics of the state
generated out of the vacuum by the global U(1) current Jµ. The poles of the current
two-point function, become by construction the zeros of the quadratic part of the
effective action, Γ(Vµ), and determine therefore the mass and coupling constant of
the emergent vector.
3.2 An explicit example
We would like now to investigate what is the structure of the vector theory described
by the action Γ and whether it is a gauge theory in disguise. To analyze this in detail,
we use a large-distance expansion parametrization of the Schwinger functional, valid
in theories with a mass gap9. We assume, beyond the gauge field source Aµ, the
presence of the source Φ, coupled to an operator with non-trivial U(1) global charge.
In the Schwinger functional, Φ is minimally charged under the gauge field Aµ. We
expand the Schwinger functional in a long-distance (derivative) expansion,
W (A,Φ) =
∫
d4x
(
W0(|Φ|2) + W1(|Φ
2|)
4
F 2A +
W2(|Φ|2)
2
|DΦ|2 +O(∂4)
)
(3.18)
where FA = dA,
DµΦ = (∂µ + iAµ)Φ , DµΦ
∗ = (∂µ − iAµ)Φ∗ . (3.19)
From (3.18) we can compute the current as
V˜ν ≡ δW
δAν
= −∂µ(W1FAµν)− i
W2
2
(Φ∗∂νΦ− Φ∂νΦ∗) +W2Aν |Φ|2 + O(∂3) (3.20)
9The mass gap may not be explicit, but generated by appropriate non-trivial sources.
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We now invert the previous expression and compute Aµ as a function of V˜µ in
a derivative expansion. In particular, we obtain an expansion of the form Aµ =∑∞
i=0A
(i)
µ , where the A
(i)
µ contains (i)-derivatives. The result for the first few terms
is
A(0)ν = Vˆν , (3.21)
A(1)ν =
i
2
∂ν log
Φ
Φ∗
, (3.22)
A(2)ν =
1
W2 |Φ|2 ∂
µ
(
W1 F
Vˆ
µν
)
, (3.23)
where
Vˆµ ≡ V˜µ
W2|Φ|2 (3.24)
and F Vˆµν = ∂µVˆν − ∂ν Vˆµ.
We shall truncate our expansion up to two derivatives since our original func-
tional 3.18 was also valid up to two derivative terms. Note, that from (3.21, 3.24)
that Vˆµ is gauge-invariant under the original gauge transformation 3.3. We may
rewrite the equation in (3.20) on the background as
1
W2 |Φ|2∂
µ
(
W1 F
Vˆ
µν
)
+
(
Vˆν +
i
2
∂ν log
Φ
Φ∗
)
+ · · · = Aν (3.25)
Interestingly, this equation is gauge-invariant under a different gauge transformation
as well:
Vˆµ → Vˆµ + ∂µλ , Φ→ Φ eiλ . (3.26)
This is however an artifact of the first orders in the derivative expansion as shown
in appendix E.
We now proceed to derive explicit expressions for the functionals in a derivative
expansion. Using the definition 3.8 and the original functional 3.18, we compute the
effective action Γ first in terms of Aµ
Γ(Aµ,Φ,Aµ) =
∫
d4x
(
W0(|Φ|2) + W1(|Φ
2|)
4
F 2A +
W2(|Φ|2)
2
|DΦ|2 + · · ·
)
+
+
∫
d4x(Aν − Aν) (−∂µ(W1FAµν)− iW22 (Φ∗∂νΦ− Φ∂νΦ∗) +W2Aν |Φ|2 + . . . )
(3.27)
and by using 3.25 and keeping terms up to two derivatives we find
Γ(Vˆµ,Φ,Aµ) =
∫
d4x
[
W0 − 1
4
W1(F
Vˆ )2 +
W2
2
|∂Φ|2 − W2
2
|Φ|2
(
Vˆµ +
i
2
∂µ log
Φ
Φ∗
)2]
+
+
∫
d4x
[
W2|Φ|2AµVˆµ + · · ·
]
(3.28)
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or equivalently
Γ(Vˆµ,Φ,Aµ) =
∫
d4x
[
W0 − 1
4
W1(F
Vˆ )2 +
W2
2
(∂|Φ|)2 − W2
2
|Φ|2VˆµVˆ µ
]
+
+
∫
d4x
[
W2|Φ|2Vˆµ
(
Aµ − i
2
∂µ log
Φ
Φ∗
)
+ · · ·
]
. (3.29)
Splitting into radial and phase components Φ = Re−iΘ
Γ(Vˆµ, R,Θ,Aµ) =
∫
d4x
[
W0 − 1
4
W1(F
Vˆ )2 +
W2
2
(∂R)2 − W2
2
R2VˆµVˆ
µ
]
+
+
∫
d4x
[
W2R
2Vˆµ (A
µ − ∂µΘ) + · · ·
]
(3.30)
Some remarks are in order, regarding the EOM’s and gauge invariance. In par-
ticular the EOM’s are given now from (3.25) where the gauge field on the right-hand
side must be replaced by the background gauge field Aν .
The equations of motion in (3.25) (as well as the functionals 3.28, 3.29, 3.30) are
gauge-invariant with respect to the original gauge symmetry
Aµ → Aµ + ∂µǫ , Φ→ Φe−iǫ . (3.31)
We can improve on 3.30 by absorbing the non-dynamical term ∂µΘ into the back-
ground by shifting Aµ → Aµ + ∂µΘ to obtain
Γ(Vˆµ, R,Θ,Aµ) =
∫
d4x
[
W0 − 1
4
W1(F
Vˆ )2 +
W2
2
(∂R)2 − W2
2
R2VˆµVˆ
µ+
]
+
∫
d4x
[
W2
2
R2VˆµA
µ + · · ·
]
(3.32)
We end up with a dynamical theory for the vector Vµ that has the structure
of a vector theory without gauge invariance. The gauge-degree of freedom of the
Schwinger functional has disappeared. In the single field case, studied here, this
degree of freedom corresponds to the phase of Φ. In the multi-charged field case that
is worked out in appendix D, what is removed is the overall gauge degree of freedom.
The end result is that the effective action involves the vector Vµ and gauge-invariant
(ie. chargeless) combinations of the charged fields.
The structure of the action in (3.32) is that of a single vector with a standard
kinetic terms, but coupled to a real (uncharged) field R = |Φ|. It was shown by
Coleman that a massive U(1) theory without gauge invariance has a sensible quantum
theory, [41]. The vector here has a mass term that is a function of R. This is generic
in the presence of charged sources. The uncharged case will be analyzed later in
section 7.
The class of theories we are considering here are generalizations of the above.
Among others, their dynamics contains a general effective potential for the emergent
vector.
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4. Emergent coupled U(1)’s: the linearized theory
So far our discussion concerned the case of a single theory. We shall now move our
discussion to the case of a system of coupled QFT’s, focusing only on the current
operators in the two theories. The effective description of the various interactions,
discussed in 2 much below the messenger mass scale M , is in terms of an effective
current-current interaction λJJˆ . Later we also discuss the case where the interaction
between the two sectors is mediated by charged operators with a term λOÔ. This
more general possibility is discussed in section 5.
In particular, we now study the case of two QFTs coupled by the JJˆ interaction
via (we now work directly in mostly plus Lorentzian signature)
Sint = λ
∫
ddx Jµ(x)Jˆµ(x) , (4.1)
where Jµ and Jˆµ are conserved abelian U(1) currents for the visible and hidden
QFTs. The parameter scales as λ ∼ 1/M2. For all dimensions above two, this is
an irrelevant interaction. In two dimensions it is marginal top leading order and has
been studied widely in the past. A similar setup of this deformation, similar to how
we currently treat the TT interactions was advanced in [42] in the marginal case,
and more recently in [43] for the relevant case.
In the presence of (4.1), the generating functional of correlation functions in the
visible QFT is
eiW (J ) =
∫
[DΦ][DΦ̂] eiSvis(Φ,J )+iShid(Φ̂)+iλ
∫
d4xJµ(x)Jˆµ(x)
=
∫
[DΦ][DΦ̂] eiSvis(Φ,J )+iShid(Φ̂)
[
1 + iλ
∫
d4x Jµ(x)Jˆµ(x)
− 1
2
λ2
∫
d4x1d
4x2 J
µ(x1)Jˆµ(x1)J
ν(x2)Jˆν(x2) +O(λ3)
]
,
(4.2)
where in the second equality we expanded the path integral perturbatively in λ up
to second order. The second term on the second line involves the one-point function
of the current Jˆµ in the undeformed hidden theory and the term in the third line its
two-point function. We also assume that in the absence of the interaction (4.1), Jˆµ
is the conserved current of a Lorentz-invariant QFT. This means that the one point
function of the current operators in the vacuum is taken to be zero.
Recall now, the standard derivation of the Ward identities associated with the
global U(1) symmetry in the hidden QFT
0 =
∫
DΦˆ ei
∫
d4xLˆ
{
− i
∫
d4x ∂µθ(x)
[
Jˆµ(x)Jˆν(y)
]
+ δθJˆ
ν(y)
}
. (4.3)
Using
δθJˆ
ν = −i∂ρθ Jˆνρ
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and dividing by the partition function Z we obtain the Ward identity
〈∂µJˆµ(x)Jˆν(y)〉 = −∂ρ
(
δ(x− y)〈Jˆνρ〉
)
. (4.4)
Integrating both sides with
∫
ddx e−ikx converts to the momentum space expression
kµ〈Jˆµ(k)Jˆν(−k)〉 = −kρ〈Jˆνρ〉 . (4.5)
The 1-point function on the RHS of this equation does not necessarily vanish. Typ-
ically, the operator Jˆνρ is non-zero and its 1-point function will not vanish if the
operator is mixing with the identity. Such mixing is possible in theories with in-
trinsic scales, for example if the hidden theory has a mass gap m. From Lorentz
invariance we therefore expect
〈Jˆνρ(y)〉 = iA δνρ (4.6)
where A is a dimensionfull constant. Its dimension arises from the mass scale m of
the hidden QFT. Then,
kµ〈Jˆµ(k)Jˆν(−k)〉 = −iA kν . (4.7)
As explicit examples, in appendix A, we consider the case of free massive bosons and
fermions. For free massive bosons ϕ we have
Jˆνµ ∝ ϕϕ∗ δνµ , (4.8)
and the vev 〈(ϕϕ∗)(x)〉 is indeed non-vanishing at non-vanishing mass m (as a simple
perturbative computation in m reveals). We have verified this mixing by a straight-
forward computation of the 2-point function 〈Jˆµ(k)Jˆν(−k)〉 in the appendix A. On
the other hand, for free massive fermions, Jˆµν = 0 identically. As a result, in this
case we do not expect a contact term violation of the classical Ward identity as can
be again verified by explicit computation.
Since we have coupled the hidden theory to the visible sector, we now use the
upper-index (0) and the lower-index hid to denote that such expectation values are
to be computed in the undeformed hidden theory. In particular the undeformed one
and two-point functions that we shall use are
〈Jˆνρ〉(0)hid = iA δνρ , (4.9)
iGˆµν(k) = 〈Jˆµ(k)Jˆν(−k)〉(0)hid , (4.10)
where Gˆµν(k) is the momentum space propagator. A spectral representation of the
two point function for a general hidden theory can be found in appendix B.
Finally, denoting the partition function of the undeformed hidden theory as
eiW
(0)
hid and assuming that the currents are conserved in the corresponding undeformed
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theories — so that we can use the results of the Ward identity — we can recast (4.2)
up to O(λ3) as
eiW (J ) = eiW
(0)
hid
∫
[DΦ] eiSvis(Φ,J )
[
1− i
2
λ2
∫
d4x1d
4x2 J
µ(x1) J
ν(x2)Gˆµν(x1 − x2)
]
.
(4.11)
In this expression, the one-point function of the hidden current is taken to be zero
in the Lorentz invariant vacuum. In addition, this expression reveals that from the
point of view of the visible theory, the interaction (4.1) with the hidden theory has
induced effective interactions for the visible current. Working up to quadratic order
in λ, we can exponentiate these interactions in an effective action of the form
δSvis = −1
2
λ2
∫
d4x1d
4x2 J
µ(x1) J
ν(x2) Gˆ
c
µν(x1 − x2) . (4.12)
In this last equation we have also used an upper script c to denote the connected
part of this two point function, since it is this connected part that appears in the ex-
ponent and obeys the Ward-identity (4.4). We observe the emergence of a quadratic
visible current-current interaction. In the most general case, we can use the spectral
representation of the current two point function (analysed in appendix B)
Gˆcµν(x1 − x2) = −
∫ ∞
0
dµ2
∫
ddk
(2π)4
e−ik(x1−x2)
k2 + µ2 − iǫρµν(k, µ) , (4.13)
where the spectral weight, ρ, is split into longitudinal and transverse parts
ρµν(k, µ) =
(
ηµν − kµkν
µ2
)
B(µ) + ηµν A(µ) . (4.14)
The current-current interaction can also be expressed in momentum space as
δSJJvis ≡ −
λ2
2
∫
d4k
(2π)4
Jµ(−k) Jν(k) Gˆcµν(k) . (4.15)
This part can be reformulated as an interaction with a classical spin-1 field Aµ. At
quadratic order, the effective action of an emergent vector field Aµ reads
Seff =
∫
ddk
[
Aµ(−k)Jµ(k)− 1
2
Pµν(k)Aµ(−k)Aν(k)
]
. (4.16)
In this action, the tensor Pµν is proportional to the inverse of the hidden current-
current 2-point function (P−1)
µν
(k) = −λ2Gˆ(c)µν (k) , (4.17)
The 2-point function is evaluated in the undeformed, λ = 0, theory.
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The Ward identity (4.7) (together with (4.13)) implies that
Gˆµν(c)(k) = −A ηµν + B(k2)
(
kµkν − k2ηµν) , (4.18)
so that (P−1)µν (k) = λ2 (A ηµν − B(k2) (kµkν − k2ηµν)) . (4.19)
There are now two distinct possibilities. If the constant A 6= 0, then the inversion
is straightforward and gives
Pµν = 1
λ2A
(
ηµν +
B
A+ Bk2 (k
µkν − k2ηµν)
)
. (4.20)
We therefore find up to quadratic order in the momentum expansion
Pµν = λ−2A−1
(
ηµν +
B(0)
A (k
µkν − k2ηµν)
)
+O(k4) (4.21)
The effective action (4.16) takes the form (in real space)
Seff =
∫
ddx
[
AµJ
µ − 1
2
λ−2A−1AµAµ − 1
4
λ−2A−2B(0)FµνF µν +O(∂4)
]
. (4.22)
This is an example of a massive-photon action, with its mass arising from a Higgs
effect due to the non-vanishing vacuum expectation value A 6= 0.
On the other hand, if the constant A = 0 (as in the case of free fermions) then the
inversion of P−1 can be performed in two different ways. One possibility is to form a
non-local effective action (4.16) (taking into account properly gauge fixing conditions
etc.).This will be explored further in section 7. The other possibility is to add and
subtract a contact term in (4.18), so that the inversion is possible. Of course this
second possibility is ambiguous and reflects the fact that the true effective interaction
between visible sector currents is contained in the action (4.15) and not in the IR
expansion of (4.16). Using therefore (4.22) as an effective action can sometimes be
misleading, since it can truncate important degrees of freedom10 . We conclude that
the effective interaction (4.15) for the visible theory current is unambiguous, whereas
the resolved dynamical action in (4.22) is scheme dependent.
Some specific examples of the effective action in the cases that the hidden sector
fields are free bosons or fermions are given in appendix A. In this case the spectral
weight ρµν(µ) has a mass gap m above which there is a continuum of states. For a
more general theory, we can use the general spectral representation for the hidden
theory current correlator provided in B. In particular, for a strongly coupled hidden
theory with a discrete spectrum, we expect the appearance of poles in the spectral
10By expanding in momenta a propagator and its inverse we miss-estimate the mass term that is
relevant for the interaction and it can obtain admixtures from contact terms that are irrelevant.
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function. Near such poles one finds a massive photon state as shown in appendix B.
In particular the effective current interaction on the visible sector takes the following
form near such poles
δSJJvis ≡
λ2
2
∫
d4k
(2π)4
Jµ(−k) Jν(k) R(mi)
k2 +m2i
(
ηµν − kµkν
m2i
)
, (4.23)
where R(mi) > 0 is the positive spectral weight residue near the pole. This interac-
tion can be resolved with a standard Proca field. The effective action is similar to
(4.22), with the difference that the mass term is now governed by the location of the
pole mi, and the coupling to the emergent vector field by the residue R(mi). The
interaction between two charged sources of equal sign is repulsive as expected.
In appendix C we survey the long -distance behavior of the emergent vector
interaction, as a function of the structure of the spectral density of the vector two-
point function. In the case of the discrete spectrum with zero widths and masses mi
we obtain for the static potential a sum of Yukawa interactions.
Φ(r) ∼ 1
4πr
∑
i
e−mir . (4.24)
The force between two equal charges is then a repulsive force as expected from the
exchange of a massive vector boson. The sign is fixed due to the positivity of the
spectral weight. If the isolated pole is at zero momentum, we obtain a long range
potential due to an exchange of a massless photon-like state
Φ(r) ∼ 1
4πr
. (4.25)
This case is not obviously excluded by the WW theorem, [27], as one of the assump-
tions is that the massless pole should correspond to a charged state under the current
whereas the states generated by a U(1) currets are chargeless.
A continuum spectral density starting above a mass M as ρ(1)(µ) ∼ (µ2 −M2)a
gives a static potential that at large distances behaves as
Φ(r) ∼ e
−Mr
ra+2
(4.26)
If the continuum starts at M = 0 then (4.26) is modified to
Φ(r) ∼ 1
r2a+3
(4.27)
It is clear that in both cases, (4.26) and (4.27), as the spectral density must be
integrable, the exponent in the denominator, is allowed to approach 1, but cannot
reach it as in that limit a logarithmic divergence appears in the density of states.
Finally for a conserved current in a CFT, we obtain
Φ(r) ∼ 1
r5
(4.28)
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in agreement with (G.17).
We conclude by mentioning that the form of the IR expansion (4.22) is universal
for all the possible choices of a hidden theory, and is dictated solely by the U(1)
symmetry and the associated Ward identity that leads to (4.7) and (4.18).
5. The non-linear theory of the coupled system
In this section we present, in general terms, the non-linear extension of the mechanism
explained in the previous section in the two-theory case. In particular, we shall
make use of the global symmetries of the system, to advocate for the emergence of a
dynamical vector field and its consistent dynamics.
We first assume that both the visible and hidden theory, when uncoupled, have
an independent U(1) global invariance, therefore they have a total U(1) × Û(1)
symmetry. We start by defining the generating functional of the correlation functions
of the visible theory. We write down this Schwinger functional in terms of external
vector potentials Aµ, Aˆµ that can couple to the visible/hidden sector respectively. It
is straightforward to generalise this functional with the addition of scalar and other
types of sources, but we refrain from doing so, in order to keep our equations as
transparent and compact as possible. The full theory is also defined on a flat and
not dynamical geometric background gµν ≡ ηµν . When we wish to set the external
sources to their background values, we will use a bold notation i.e Aµ, Aˆµ. Normally
these are taken to be zero in a Lorentz invariant vacuum.
The Schwinger functional is therefore given by
e−W (A,Aˆ) =
∫
[DΦ] [DΦ̂] e−Svisible(Φ,A)−Shidden(Φ̂,Aˆ)−Sint(Oi,Ôi) (5.1)
where Φi and Φ̂i are respectively the fields of the visible QFT and the hidden Q̂FT
and the interacting part is defined as:
Sint =
∫
d4x
∑
i
λiOi(x) Ôi(x) (5.2)
where Oi are operators of the visible QFT, Ôi operators of the hidden Q̂FT and the
λi are generic couplings.
There are now, two different possibilities. The first is that the operators appear-
ing in (5.2) are uncharged under the independent global symmetries and the second
is that some of them are charged. This first possibility is also the one analysed at
the linearised level in section 4.
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For the second possibility, the operators in (5.2) are chosen to be charged under
the visible and hidden U(1) as follows11:
Q (Oi) = 1 , Q̂(Ôi) = −1 . (5.3)
This means that the two independent U(1) global symmetries are broken into the
diagonal subgroup
U(1) × Û(1) → U(1)diag (5.4)
which corresponds to the U(1) invariance of the total functional defined in (5.1).
Had we chosen the first possibility, the functional would simply have retained the
two separate global symmetries. The difference can be summarised in the following
statement: In the presence of only a single global symmetry, we may identify Aµ ≡
Aˆµ, since there is a common background field for the single U(1)diag and this is the
field for which we expect a gauge invariance.
We now remark that the theory, as written in (5.1), has a natural cutoff repre-
sented by the mass M of the messenger fields. For all energies below the cutoff scale
M , as we are interested in the visible theory observables, we shall integrate out the
hidden Q̂FT to obtain
e−W (A,Aˆ) =
∫
[DΦ][DΦ̂] e−Svisible(Φ,A)−Shidden(Φ̂,Aˆ)−Sint
=
∫
[DΦ] e−Svisible(Φ,A)−W(Oi,Aˆ) (5.5)
where W
(
Oi, Aˆ
)
is the generating functional for the hidden theory with external
sources given by the operators Oi of the visible theory.
The low energy dynamics of the visible theory is now described by the total action:
Stotal = Svisible +W . (5.6)
We define the expectation value of the current of the hidden theory (including
the interaction)
V˜µ ≡
δW
(
Oi, Aˆ
)
δAˆµ
= 〈Ĵµ〉 (5.7)
with the idea that such an object could act as an emergent vector field for the visible
theory. More precisely, the functional derivative appearing in (5.7) must be computed
at Aˆµ = Aˆµ.
In the case of an uncharged coupling both currents are independently conserved
∂µ V˜µ = 0 ∂
µ Jvisibleµ = 0 (5.8)
11It is clear that this case can be easily generalized to more complicated cases but we shall refrain
from doing so, here.
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In this case, we defined the current of the visible theory as:
Jvisibleµ ≡
δSvisible (Φ, A)
δAµ
∣∣∣
A=Aˆ
. (5.9)
In the case of a single U(1) invariance of the full theory (5.4) defined when
Aµ = Aˆµ, only the total current is conserved:
∂µ
(
V˜µ + J
visible
µ
)
= 0 (5.10)
At this point, we invert equation (5.7):
Aˆµ = Aˆµ(V˜ µ,Oi) . (5.11)
To proceed, we define the Legendre-transformed functional with arbitrary back-
ground sources A, Aˆ as
Γ
(
V˜ ,Oi,A, Aˆ
)
≡
∫
d4x V˜µ
(
Aˆµ(V˜ µ,Oi)− Aˆµ
)
− W
(
Oi, Aˆµ(V˜ µ,Oi)
)
(5.12)
Using this we define an “effective action” Seff (V˜ ,Φ) which contains the same
information as the original functional, but acts as an action for the visible sector’s
fields coupled to an induced dynamical vector field V˜µ
Seff(Φ, V˜ ,A, Aˆ) = Svisible(Φ,A) − Γ
(
V˜ ,Oi,A, Aˆ
)
= (5.13)
= Svisible(Φ,A) −
∫
d4x V˜µ
(
Aˆµ(V˜ µ,Oi)− Aˆµ
)
+ W
(
Oi, Aˆµ(V˜ µ,Oi)
)
We shall prove that the effective action defined in (5.13), once extremised with
respect to the emergent vector field V˜ µ, has the following desired feature
Seff(V˜
⋆,Φ) = Svisible(Φ, A = A) + W(Oi, Aˆ = Aˆ) ≡ Stotal|A,Aˆ (5.14)
where V˜ = V˜ ⋆ is the solution that extremises the effective action Seff(V˜ ,Φ).
In order to achieve this task, we start by computing the variation of the Legendre
transformed functional (5.12) with respect to the vector field V˜ µ:
δΓ
(
V˜ ,Oi,A, Aˆ
)
δV˜µ
= Aˆµ − Aˆµ , (5.15)
where the visible current is defined in (5.9) and we used the definition of the emergent
vector field (5.7). By setting the source gauge field Aˆµ to its background value, we
obtain the simple expression
δΓ
(
V˜ ,Oi
)
δV˜µ
∣∣∣
Aˆ=Aˆ
= 0 . (5.16)
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Therefore, the Legendre transformed functional as we defined it, is extremal on the
background. Using (5.16) we also conclude that Seff is extremal with respect to V˜
µ
on the hidden source background Aˆµ = Aˆµ.
What is left to show is that the effective action Seff once evaluated on the
solution of the equation (5.7) reduces to the original induced action for the original
theory (5.6). Let us denote the solution of the equation (5.7) V˜ ⋆µ . By construction it
corresponds to the vev of the current of the hidden theory
V˜ ⋆µ =
δW
(
Oi, Aˆ
)
δAˆµ
∣∣∣
Aˆ=Aˆ
= 〈Ĵµ〉 (5.17)
From (5.12) we can evaluate the effective action at V˜µ = V˜
⋆
µ (which coincides with
Aˆµ = Aˆµ) and we obtain indeed the already advertised result
Seff(V˜
⋆,Φ) = Svisible(Φ, A = A) + W(Oi, Aˆ = Aˆ) ≡ Stotal|A,Aˆ . (5.18)
This is the description in the case of a U(1)×Û(1) global invariance that is translated
into a U(1)global × Û(1)local invariance of the effective action. The whole procedure
can be repeated with almost no differences in the case of a single U(1)diag: one simply
replaces A = Aˆ in the formulae above and the final effective action has only a single
U(1)diag local invariance.
To conclude, we have shown that the imprints of the hidden theory on the visible
theory can quite generically be reformulated as the visible theory being coupled to
an emergent dynamical vector field (denoted by V˜ µ). The dynamics of this emergent
vector field encode the effects that the hidden sector has to the visible one. In the
next subsection, we shall perform a low energy derivative expansion to the various
functionals, in order to make the features of the induced interactions more explicit.
5.1 The low-energy U(1) dynamics
In this section, we shall employ the generic procedure described above in a simple
choice of the functional (5.5) dictated by symmetry and an IR derivative expansion.
This case hence assumes the presence of a mass gap for the hidden theory, so that the
derivative expansion is organised in inverse powers of the mass gap. For simplicity,
we also focus in the case Aµ = Aˆµ = 0 with a single U(1) symmetry for the total
system and a Lorentz invariant vacuum.
We hence assume the low-energy dynamics of the hidden theory plus interactions
to be described by the effective Schwinger functional
W (Aµ) =
∫
d4x
(
Z0(|Φ|2)− Z1(|Φ|
2)
4
F 2 +
Zij(|Φ|2)
2
(DµΦ
i)(DµΦj)∗ + . . .
)
(5.19)
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We also consider the presence of a set of complex operators Φi of equal charge,
that belong to the visible QFT12. Φi denote here what we called Oi in the previous
section. The notation |Φ|2 in the potential functions that appear in (5.19) is sketchy
and stands for gauge-invariant combinations of the scalar sources without derivatives.
Furthermore, the covariant derivative is defined as
Dµ ≡ ∂µ + i q Aµ , (5.20)
where we keep the charge q generic and the field strength is given by F = dA.
The ellipsis in (5.19) is there to remind us that the effective action (5.19) is a low-
energy description where higher energy terms, i.e. terms with more than two deriva-
tives, are neglected.
Following the generic procedure explained in the previous section, we define the
emergent vector field:
V˜ µ ≡ δW (Φi, A
µ)
δAµ
≡ 〈Ĵµ〉 (5.21)
namely the expectation value of the U(1) current of the Schwinger functional (that
includes cross interactions) of the hidden Q̂FT.
More explicitly we obtain:
V˜ µ = ∂ν (Z1 F
µν) + q2Aµ Zij Φ
iΦj
∗ − i q
2
Zij
(
Φi∂µΦj
∗ − Φi∗ ∂µΦj)+ · · · (5.22)
At this stage we want to invert the previous expression (5.22):
Aµ = Aµ
(
V˜ µ,Φ
)
(5.23)
and identify V˜ µ as the new emergent and dynamical degrees of freedom. We perform
such a task within a perturbative derivative expansion.
At zeroth order in derivatives, we find:
Aµ =
V˜ µ
q2 Zij ΦiΦj
∗ ≡ V µ (5.24)
where for simplicity, we have rescaled the original current V˜ µ appearing in (5.21).
Up to two derivatives we find the result:
Aµ = V µ+
i Zij
2 q ZklΦk Φl
∗
(
Φi∂µΦj
∗ − Φi∗ ∂µΦj)− 1
q2 Zij ΦiΦj
∗ ∂ν (Z1 F
µν
V ) +O(∂3)
(5.25)
where FV = dV is the field strength of the emerged vector field.
12In general the theory contains many charged operators. The relevant analysis in this more
general setup is treated in appendix D.
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We can manipulate this expression to bring it to the following form:
q2 Zij Φ
iΦj
∗
Aµ = q2 Zij Φ
iΦj
∗
V µ + Zij (J
ij
Φ )
µ − ∂ν (Z1 F µνV ) + · · · (5.26)
where we have defined the current associated to the field Φ as
(J ijΦ )
µ ≡ i q
2
(
Φi∂µΦj
∗ − Φi∗ ∂µΦj) . (5.27)
We can now set the external source to zero Aµ = 0 and rewrite our result eqn.(5.26)
as a Maxwell equation for the vector field V˜ µ:
∂ν (Z1 F
µν
V ) = q
2 Zij Φ
iΦj
∗
V µ + Zij (J
ij
Φ )
µ + · · · (5.28)
This equation exhibits a “dual” gauge invariance
Vµ → Vµ + ∂µλ , Φi → Φi e−iqλ . (5.29)
As in the case of a single theory, in section 3, it is an illusion of the low order in the
derivative expansion, as explained in appendix E.
Defining the original current of the visible theory as:
Jµvisible =
δSvisible(A
µ)
δAµ
∣∣∣
A=0
, (5.30)
two conservation laws follow (the one of which is redundant and reflects our specific
definition of variable). The first physical conservation law is represented by the Ward
identity for the total action:
Stotal = Svisible + W (5.31)
with respect to the diagonal preserved U(1) global group. This takes the form of the
conservation of the total current:
∂µ
(
δStotal(A
µ,Φ, . . . )
δAµ
)
= 0 → ∂µ
[
V˜ µ + Jµvisible
]
= 0 (5.32)
The second “conservation law” comes directly from the specific definition of the
emergent vector field that led to eqn. (5.28). It implies (on the background)
∂µ
[
q2Zij Φ
i Φj
∗
V µ + Zij (J
ij
Φ )
µ
]
= 0 (5.33)
The two conservation laws (5.32) and (5.33) can also be combined into
∂µ
[
Jµvisible − Zij (J ijΦ )µ
]
= 0 (5.34)
Equations (5.28) together with (5.34) represent the main result of this section.
The dynamical equation (5.28) indicates that the low-energy effects of the hidden
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sector on the visible one, can be captured by a Maxwell equation of a dynamical
emergent vector field Vµ . The total current is conserved, as in (5.34), but it is
split into the visible sector piece labelled by Jµvisible and a piece of the hidden sector
including interactions Zij (J
ij
Φ )
µ.
As we discussed in section 3.1, we may add to the various functionals “improve-
ment terms” that shift the definition of the various currents by identically conserved
quantities. A similar ambiguity is also reflected in the splitting Stotal = Svisible + W
—it is a form of scheme dependence. Nevertheless, once a particular scheme is cho-
sen, the procedure described above follows consistently and one obtains unambiguous
results.
6. The holographic emergent photon
We now investigate the special case where the hidden theory Q̂FT is a large-N
holographic theory. In this case Q̂FT has a gravity dual that we shall assume to be
five-dimensional.
The general action can be written as
S = Sˆ + Sint + SSM (6.1)
where the interaction term Sint has been defined in (4.1), Sˆ is the action of the
holographic theory, and SSM the action of the SM. Applying the holographic corre-
spondence, we can write13
〈eiSint〉
Q̂FT
=
∫
limz→0Aµ(x,z)=Jµ(x)
DAµ eiSbulk[Aµ] (6.2)
where Aµ is a bulk (five-dimensional) gauge field dual to the global current Jˆµ of
Q̂FT . Sbulk[Aµ] is the bulk gravity action, z is the holographic coordinate, and
the gravitational path integral has boundary conditions for Aµ to asymptote to the
operator Jµ near the AdS boundary. We have also neglected the other bulk fields.
By inserting a functional δ-function we may rewrite (6.2) as
〈eiSint〉 =
∫
limz→0Aµ(x,z)=Bµ(x)
DAµ(x, z)DBµ(x)DCµ(x) eiSbulk[Aµ]+i
∫
Cµ(x)(Bµ(x)−Jµ(x))
(6.3)
If we now integrate Bµ(x) first in the path integral transform, we obtain the Legendre
transform of the Schwinger functional of the bulk gauge field, which becomes the bulk
13For a conserved U(1) vector Jˆµ of dimension ∆ = 3, dual to a U(1) gauge field AM (x, z),
the asymptotic behaviour near the boundary is Aµ(x, z) = Bµ(x) while the radial component can
be gauged away. Bµ(x) is the source that couples to Jˆµ in the Q̂FT action. In our example
Bµ = Jµ the SM current. It is should be stressed, that there are, in general, many other couplings
of hidden theory operators to SM Operators. These will generate further couplings between the
bulk gravitational theory and the SM. We neglected them here, but they can be readily included.
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effective action. This corresponds in holography to switching boundary conditions at
the AdS boundary from Dirichlet to Neumann, and where Cµ(x) is the expectation
value of the operator Jˆµ. We finally obtain
〈eiSint〉 =
∫
limz→0Aµ(x,z)=A(0)(x)+z2Cµ+···
Da(x, z)Dk(x) eiSN [Aµ]−i
∫
Cµ(x)Jµ(x) (6.4)
This analysis is valid, with the SM action coupled to the holographic theory at the
UV (the shifted boundary). When however the coupling is at a cutoff scale, the SM
must be positioned as a brane in the appropriate radial position giving rise to the
brane-world coupling.
We therefore imagine the SM action as coupled at the radial scale z0 ∼ 1/M to
the bulk action. Following holographic renormalization [44, 45], we may then rewrite
the full bulk+brane action of the emergent vector field as
Stotal = Sbulk + Sbrane (6.5)
Sbulk =M
3
P
∫
d5x
√
g
[
Z F 2 +O(F 4)] (6.6)
Sbrane = δ(z − z0)
∫
d4x
√
γ
[
M2(Fˆ )2 + AˆµJ
µ + · · ·
]
(6.7)
where Fˆµν(x) ≡ Fµν(z0, x) is the induced gauge field on the brane and we are working
in the axial gauge A5 = 0. As we shall be interested at energies E ≪ M , we can
ignore higher derivative terms like Fˆ 4 on the brane. Here the U(1) gauge invariance
is intact on the brane as the induced gauge field on the brane transforms under bulk
gauge transformations induced on the brane.
In the boundary action (6.7) γ is the induced four-dimensional metric. We have
suppressed the metric and other bulk fields. The kinetic coefficient Z depends in
general on scalar bulk fields. On the brane, we have suppressed the standard model
fields some of which are charged under the gauge field A. There are also localized
terms for other bulk fields that we have suppressed. All the localized kinetic terms
of the bulk fields on the brane, like the Fˆ 2 term are due to the quantum corrections
of the SM fields. The graviton also couples to the SM action and provides emergent
gravity, [32].
Importantly, the gauge symmetry on the bulk is unbroken and so is on the brane,
as long as charged fields have no vev. However as we shall see, and in agreement
with our earlier analysis, the dark-photon exchange on the brane is not massless.
Finally, the boundary conditions for the bulk action are Neumann. It should be
noted that what we have here is a close analogue of the DGP mechanism, [46], with
two differences: here we have a vector field and also the bulk data are non-trivial as
in the setup of [39].
The main difference in the physics of an emergent vector field originating in a
holographic theory is that, due to the strong coupling effects, there is an infinity
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of vector-like resonances coupled to the SM charged fields. They correspond to the
poles of the two-point function of the global current Jˆµ, of the “hidden” holographic
theory.
If the holographic theory is gapless, then there is a continuum of modes and, as
mentioned earlier, in such a case the induced vector interaction is non-local. If the
theory has a gap and a discrete spectrum (like QCD) then there is a tower of nearly
stable states at large N that are essentially the vector meson trajectories, and act as
the KK modes of the bulk gauge field.
To investigate these interactions we should analyze the propagator of the gauge
field on the SM brane.
For this we introduce a δ-function source for the vector on the brane and we solve
the bulk+brane equations in the linearized approximation, assuming a trivial profile
for the bulk gauge field14 while the metric and other scalars have the holographic
RG flow profile of a Lorentz-invariant QFT, namely
ds2 = dz2 + e2A(z)dxµdx
µ , Z(Φi(z)) (6.8)
In a transverse gauge, the bulk fluctuation equation is given by the bulk Laplacian,
plus corrections that come from the brane couplings. We factor out the space-time
index dependence (this is taken into account in appendix G). The equations read
M3PZ
[
∂2z +
(
Z ′
Z
+ 4A′
)
∂z + e
−2A
4
]
G(x, z)+ (6.9)
+δ(z − z0)Gb G(x, z) = δ(z − z0)δ(4)(x)
where, G(x, z) is the bulk to bulk gauge field propagator with Neumann boundary
conditions and Gb is the two-point operator of the brane current . We work in
Euclidean 4d space along the brane and primes stand for derivatives with respect to
z. m2 is a potential mass term for the gauge field on the brane, in the case there
are non-trivial charged vevs on the brane. The two terms on the brane originate in
the IR expansion of the two-point function of the brane current, that couples to the
bulk gauge field.
We Fourier transform along the four space-time dimensions to obtain
M3PZ
[
∂2z +
(
Z ′
Z
+ 4A′
)
∂z − e−2Ap2
]
G(p, z) = δ(z − z0)− (6.10)
−δ(z − z0)Gb(p) G(p, z)
where p2 = pipi is the (Euclidean) momentum squared. Later on we also use p =
√
p2.
We have also substituted the low-energy expansion of the current two-point function
14This will be the case where the hidden QFT is at zero (global) charge density.
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on the brane15
Gb(p) = M
2
4 (p
2 +m20) +O(p4) (6.11)
and we also added a brane mass m0, in case symmetry breaking on the brane gener-
ates one. One can also add the logarithmic running of the brane coupling constant,
due to the brane quantum corrections, in which case equation (6.11) is modified to
Gb(p) = M
2
4
(
p2 + b0p
2 log
p2
m2e
+m20
)
+O(p4) (6.12)
To solve (6.10), we must first solve this equation for z > z0 and for z < z0
obtaining two branches of the bulk propagator, GIR(p, z) and GUV (p, z) respectively.
The IR part, GIR(p, z) depends on a single multiplicative integration constant as the
regularity constraints in the interior of the bulk holographic geometry fix the extra
integration constant. GUV (p, z) is defined with Neumann boundary conditions at the
AdS boundary and depends on two integration constants. In the absence of sources
and fluctuations on the SM brane, the propagator is continuous with a discontinuous
z-derivative at the SM brane16
GUV (p, z0; z0) = GIR(p, z0; z0) , ∂zGIR(p, z0; z0)− ∂zGUV (p, z0; z0) = 1
Z M3P
(6.13)
where MP is the five-dimensional Planck scale in (6.6). In this case there is a single
multiplicative integration constant left and the standard AdS/CFT procedure ex-
tracts from this solution the two-point function of the global current of the hidden
QFT. We denote the bulk gauge field propagator in the absence of the brane as
G0(p, z; z0) that satisfies
M3PZ
[
∂2z +
(
Z ′
Z
+ 4A′
)
∂z − e−2Ap2
]
G0(p, z; z0) = δ(z − z0) (6.14)
In our case the presence of an induced action on the SM brane changes the
matching conditions to
GUV (p, z0) = GIR(p, z0) (6.15)
∂zGIR(p, z0)− ∂zGUV (p, z0) = 1 +Gb(p) GIR(p, z0)
Z M3P
(6.16)
15The presence of the p2 log p2 terms is associated with the logarithmic RG running of the coeffi-
cient of the F 2 term in four-dimensions. It is the first non-analytic term in the two-point function
of currents.
16For Randall-Sundrum branes this condition is replaced by GUV (p, z − z0) = GIR(p, z0 − z),
which identifies the UV side with the IR side. This corresponds to a cutoff holographic QFT in the
bulk.
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The general solution can be written in terms of the bulk propagatorG0 with Neumann
boundary conditions at the boundary as follows17 [39]
G(p, z; z0) = − G0(p, z; z0)
1 +Gb(p) G0(p, z0; z0)
(6.17)
The propagator on the brane is obtained by setting z = z0 and becomes
G(p, z0; z0) = − 1
G0(p, z0; z0)
−1 +Gb(p)
=
G0(p, z0; z0)
1 +Gb(p) G0(p, z0; z0)
(6.18)
The general structure of the bulk propagator G0 is derived in appendix (G) and
follows a similar structure of the scalar bulk propagator, [39]. Similar to our manip-
ulations in the appendix, we perform a scale transformation in order to bring the
induced metric on the brane to be ηµν . Then G0 in (6.18) is replaced by G¯0 given
in (G.8) and (G.14). The brane current correlator Gb is also computed in the metric
ηµν .
We assume that the bulk holographic QFT has a single dynamical scale18, that
we shall denote by m. Another scale in the problem is the position of the brane, z0.
In cases where this is determined dynamically as in [39], this is of the same order as
m. But there can be also cases where it is hierarchically different, [39]. Assuming
that z0 ∼ R0, we obtain
G¯0(p, z0; z0) =
1
2ZM3P

1
p
, p≫ m
1
m
[
d0 −
(
d2 + d
′
2 log
(
p2
m2
))
p2
m2
+O(p4)
]
, p≪ m.
(6.19)
The IR expansion above is valid for all holographic RG flows. It starts having
non-analytic terms starting at p2 log p2. The expansion coefficients can be deter-
mined either analytically or numerically from the bulk holographic RG flow solution.
Analytic formulae for them in terms of the bulk solution were given in [39]. The
dimensionless coefficients di above are functions of mz0. Their size is typically of
order one unless z0 is very different from m. The UV expansion in (6.19) is given, as
expected, by the flat space result.
Using (6.19), we now investigate the interaction induced by the vector on the
SM brane from (6.18). It is known that G¯0(p, z0; z0) is monotonic as a function of p,
vanishes at large p and attains its maximum at p = 0 compatible with (6.19). On
the other hand, Gb(p), that captures the two point function of the brane current, is
17Recall that G(p, z; z0) and G0(p, z; z0) are bulk propagators in coordinate space in the ra-
dial/holographic direction z and in Fourier space pµ for the remaining directions xµ.
18The case where the bulk theory has several such scales can be treated in a similar manner,
albeit having more regimes in the energy scale to analyse.
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diverging at large p as p2 log(p)2 and asymptotes to a constant in the IR. Therefore
the function Gb(p)G¯0(p, z0, z0) that appears in the denominator of (6.18) starts from
zero or constant in the IR, and asymptotes to +∞ in the UV.
We denote by the Et the transition scale at which it reaches the value one:
Gb(Et)G¯0(Et, z0, z0) ≡ 1 (6.20)
This is the analogue of the DGP scale, [46] for the vector field. We may therefore
write
G¯(p, z0; z0) =

G0(p, z0, z0), p≪ Et
1
Gb(p)
, p≫ Et.
(6.21)
When Et ≫ m then
G¯(p, z0; z0) =

1
2ZM3Pm
[
d0 −
(
d2 + d
′
2 log
(
p2
m2
))
p2
m2
+O(p4)
]
, p≪ m
1
2ZM3P
1
p
+O(p), m≪ p≪ Et ,
1
Gb
=
1
M24
1
p2
+O(p4) p≫ Et.
(6.22)
Up to now we used the five-dimensional definitions for the gauge field that is
dimensionless. Now we pass to four-dimensional QFT language by Aµ → AµMP and
define
g25 =
1
2ZMP
, g24 =
M2P
M24
(6.23)
where g25 has dimension of length and g4 is dimensionless. With these normalizations,
the vector interaction on the brane in (6.22) becomes
G¯(p, z0; z0) =
1
M2P

g2IR
m2IR +
(
1 +
d′2
d2
log p
2
m2
)
p2
+O(p4), p≪ m
g25
p
+O(p), m≪ p≪ Et ,
1
Gb
=
g24
p2
+O(p4) p≫ Et.
(6.24)
with
g2IR ≡ (mg25)
d20
d2
, m2IR =
d0
d2
m2 (6.25)
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Therefore at short enough distances, p → ∞, the interaction mediated by the
vector is four-dimensional, and is controlled by the dimensionless coupling constant
g4. At intermediate distances, m ≪ p ≪ Et, the induced interaction becomes five-
dimensional due to the coupling of the KK modes and the respective five dimensional
coupling constant g25 has dimension of length. At large enough distances, p ≪ m,
the interaction is determined by the bulk dynamics and is that of a massive photon
with (dimensionless) coupling constant gIR and mass mIR.
We therefore find the emergent (dark) photon is always massive (like the graviton
in [39]), and its coupling constant is small, gIR ∼ 1N . More precisely, the emergent
photon is a resonance of the associated two point function, that is produced in the
interplay between the bulk theory and the brane dynamics. Moreover, a similar
analysis as in [39] indicates that mIR
Mp
, where Mp is the emergent four-dimensional
Planck scale, scales as N−
1
3 and can be made arbitrarily small at large enough N .
Turning on a vector mass m0 on the brane and keeping all IR contributions, the
IR parameters in (6.25) become
1
g2IR
≃ 1
g24
+
d2
d20
1
mg25
,
m2IR
g2IR
≃ m
2
d0(mg25)
+
m20
g24
(6.26)
The effective IR coupling constant for the vector interactions gIR received contribu-
tions from the bulk and the brane. The weakest of the two interactions dominates
and determines gIR. Typically, this can be the bulk interaction as it behaves as
g5 ∼ 1N . At hierarchically large N , it will dominate the vector interactions on the
brane also and the associated coupling can be arbitrarily small.
A similar argument indicates that for a generic bulk holographic theory the
vector boson mass, mIR is determined by the bulk physics and is of order O(m). For
special bulk theories, like theories where the coupling runs slowly at intermediate
scales (walking theories19), the ratio d0/d2 can become hierarchically small and the
vector mass can be ≪ m.
There are other parameter ranges in (6.26) that offer more phenomenologically
interesting windows but we shall not pursue this analysis here.
Depending on the parameters of the bulk and the brane theory we could have
a differing ordering of scales ie. Et ≪ m. In such a case, there is no intermediate
five-dimensional regime for the vector-mediated interaction.
We conclude this section, by observing that when the hidden theory is holo-
graphic, the setup generates an emergent dark photon coupled to the visible theory.
It is always massive, but both its coupling as well as its mass can be made arbitrarily
small, by taking N to be sufficiently large.
19Holographic walking theories have been discussed in [47]-[50].
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7. A non-local emergent gauge theory
In section 3 we have analyzed the effective action of a global current in the presence
of charged sources and have shown how this can describe an emergent “photon” that
is essentially massive because of the presence of the charged sources. In the presence
of a mass gap that theory admits a local IR expansion.
In this section, we analyze a similar effective action in the absence of charged
sources20.
We start with the simplest setup possible. Consider a theory with a global U(1)
symmetry, and an associated conserved current, ∂µJ
µ = 0. The variation of the
action of the theory under a space-time dependent U(1) parameter ǫ(x) is
δS =
∫
d4x ∂µǫ J
µ (7.1)
Integrating by parts and demanding invariance when ǫ = constant, i.e. a global
transformation, gives the conservation of the current advertised before.
Consider now coupling the current to a background gauge field source and im-
proving this so that the coupling is fully (locally) invariant
S → S(A) = S +
∫
d4x JµAµ + · · · . (7.2)
where the ellipsis denotes subleading terms that may be important for gauge in-
variance, namely S(A + dǫ) = S(A) provided all charged fields are appropriately
transformed. We now consider the Schwinger functional
e−W (A) ≡
∫
Dφ e−S(φ,A) (7.3)
where φ denotes collectively the quantum fields of the theory. The functional W (A)
is locally gauge invariant. This is also equivalent to the standard Ward identity
∂µ
δW
δAµ
= 0 (7.4)
We now Legendre-transform
Γ(V,A) =
∫
d4x [V µ(Aµ −Aµ)−W (A)] (7.5)
by defining the current vev on the background Aµ as usual
Vµ ≡ δW
δAµ
∣∣∣
Aµ=Aµ
(7.6)
20The treatement of the effective action in theories wirth massless degrees of freedom has pitfalls
that are catalogue on page 7 of [51]. Although seberal issues mentioned there are not problems
here, one should keep them alwys in mind.
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To vary Γ(V,A) with respect to V we must be careful as Vµ are not independent
variables but satisfy the constraint ∂µVµ = 0. In the presence of charged sources
analysed in section 3, the inversion procedure was local and straightforward. In the
present case we introduce a Lagrange multiplier function ϕ and consider the modified
effective action
Γϕ(V,A) = Γ(V,A)−
∫
d4x ϕ∂µV
µ = Γ(V ) +
∫
d4x ∂µϕV
µ . (7.7)
A consistency check of the inversion procedure, is that the degree of freedom corre-
sponding to the Lagrange multiplier should decouple and that the constraint ∂µVµ =
0 will be automatically satisfied in the effective action for Vµ that we derive.
We now have to vary Γϕ(V,A) both with respect to Vµ and ϕ. We find
δΓ
δVµ
= Aµ −Aµ + V ν δAν
δVµ
− δW
δVµ
(7.8)
Using
δW
δVµ
=
δW
δAν
δAν
δVµ
= V ν
δAν
δVµ
(7.9)
and substituting above we obtain
δΓϕ
δVµ
= Aµ −Aµ + ∂µϕ , δΓϕ
δϕ
= ∂µVµ = 0 (7.10)
These are the two equations that fully describe the dynamics of the current vev, Vµ.
The Lagrange multiplier has become a gauge parameter. The original theory defined
on the background Aµ = Aµ is also equivalent to the one on the gauge transformed
background Aµ = Aµ− ∂µǫ because in this case ǫ couples to the redundant operator
∂µVµ.
Consider now a low-energy expansion for the functional W (A),
W = W0 +
∫
d4x
[
W1
4
F 2 +
W3
8
(F 2)2+ (7.11)
+
W4
8
FµνF
νρFρσF
σµ +
W5
4
FµνF
µν +O(∂6)
]
with Wi constants
21.
Using the definition (7.6) we obtain
Vν = −W1∂µFµν −W3∂µ(F 2Fµν)−W4∂µ(F 3)νµ −W5∂µFµν +O(∂6) (7.12)
where22
F 2µν ≡ FµρF ρν , F 3µν = FµρF ρσFσν (7.13)
21More generally, Wi may depend on neutral sources.
22The seemingly independent term (∂ρFρµ)(∂
σFσ
µ) upon integration by parts is equal to twice
FµνF
µν .
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We have the following identities
∂µ∂νFµν = 0 , ∂
µ∂ν(F 2Fµν) = 0 , ∂
µ∂νF 3µν = 0 (7.14)
Notice that Vµ defined in (7.12) automatically satisfies ∂
µVµ = 0.
From (7.12) we can calculate the two-point function of the currents as
〈Jµ(x)Jν(y)〉 = δV
µ(x)
δAν(y)
∣∣∣
A=0
= −W1 [ηµν− ∂µ∂ν ] δ(4)(x− y)− (7.15)
−W5 [ηµν− ∂µ∂ν ] δ(4)(x− y) +O(∂6)
It is clear that in the derivative expansion the most general function of conserved
currents contains only contact terms and is of the form
〈Jµ(x)Jν(y)〉 = f() [ηµν− ∂µ∂ν ] δ(4)(x− y) (7.16)
where f(x) is an arbitrary function with a regular expansion around x = 0. Note
also that the two-point function of a conserved current does not have an inverse, as
it is annihilated by ∂µ and this is a priori why the quadratic terms in the effective
action (that are typically given by the inverse two point function) are ill-defined.
We can also calculate
Fµν = ∂µVν − ∂νVµ = −W1 Fµν −W5 2Fµν− (7.17)
−W3
(
F 2Fµν + (∂
ρF 2)∂ρFµν + ∂µF
2∂ρFρν − ∂νF 2∂ρFρµ + ∂µ∂ρF 2Fρν − ∂ν∂ρF 2Fρµ
)
+
+W4
(
∂µ∂
ρ(F 3ρν)− ∂ν∂ρ(F 3ρµ)
)
+O(∂6)
where we have also used the Bianchi identity. This can be inverted to
Fµν = − 1
W1

−1Fµν + W5
W 21
Fµν +O(∂4) (7.18)
Notice that, as anticipated, the inversion is non-local. We define the action of the
inverse Laplacian as

−1
x f(x
µ) ≡
∫
d4x′ G(x; x′)f(x′) (7.19)
where G(x, x′) is the appropriate Green’s function of the Laplacian, xG = δ(x−x′).
With this definition, “integration by parts” works trivially on −1. Of course there
are boundary conditions implicit in the Green’s function that should be correlated
with the absence of zero modes. Here, we shall be cavalier about these issues.
Using the previous result we can now compute
Γϕ =
∫
d4x [Vµ(A
µ −Aµ)−W ] +
∫
d4x ∂µϕV
µ = (7.20)
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= −W0 + W1
4
∫
d4xF 2 +
W5
4
∫
d4x FF +
∫
d4x (∂µ −Aµ)ϕV µ +O(∂6) =
= −W0+ 1
4W1
∫
d4x
[
Fµν−2Fµν − W5
W1
Fµν−1Fµν
]
+
∫
d4x (∂µϕ−Aµ)V µ+O(F3)
where we kept only quadratic terms in the field strength for simplicity.
We now vary this effective action to verify that we obtain (7.10)
− 1
W1

−2∂µFµν + W5
W 21

−1∂µFµν + ∂νϕ+O(∂4) = Aν , ∂µV µ = 0 (7.21)
Notice that the previous equation automatically implies
✷ϕ = ∂νAν . (7.22)
There is a “massless” degree of freedom that decouples and can be subsumed in the
background Aν .
Using (7.17), (7.21) can be translated to

−1∂µFµν + ∂νϕ−Aν +O(∂4) = Aν + ∂ν
[
ϕ−−1∂µAµ
]
+O(∂4) = 0 (7.23)
(7.21) implies that, modulo the subtleties of defining −1, the effective equation
is gauge-invariant under Vµ gauge transformations. On the other hand it is non-local.
The invariance of this action can be shown beyond the derivative expansion. Our
assumptions imply, that since there are no minimally-charged fields, the dependence
of W (Aµ) on Aµ is via Fµν only, and this includes all possible multipole couplings.
We parametrize
W (Aµ) =
∫
d4x L(Fµν) (7.24)
where we dropped the dependence on other fields. Then the current is given by
Vµ =
δW
δAµ
= −4∂ν δL
δF νµ
, ∂µVµ ≡ 0 (7.25)
The right-hand side is a functional of the field strength of Aµ which implies that Fµν
is a non-local functional of Fµν proving the emergent gauge invariance.
In the following, we propose a different set of dynamical variables that renders
the effective description, quasi-local. We start again with the functional Γ[V ] defined
in (7.5)
Γ(V,A) =
∫
d4x [V µ(Aµ −Aµ)−W (A)] (7.26)
and we change variables to a two form, Bµν
Vµ =
1
2
ǫµνρσ∂
νBρσ =
1
3!
ǫµνρσH
νρσ , Hµνρ ≡ ∂µBνρ + ∂νBρµ + ∂ρBµν (7.27)
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so that the constraint
∂µVµ = 0 (7.28)
is obeyed identically.
This dual substitution solves the constraint explicitly, but introduces a dual
gauge invariance in terms of the new unconstrained variable, Λµ
B′µν = Bµν + ∂µΛν − ∂νΛµ (7.29)
We compute
Fµν = 1
3!
(ǫνρσθ∂µH
ρσθ − ǫµρσθ∂νHρσθ) (7.30)
or equivalently in form notation
F = d∗dB (7.31)
We have that
(∗F)µν = ∂µHµνρ (7.32)
Integrating by parts (7.20) we can simplify it as∫
d4x FµνFµν = 1
3
∫
d4x HµνρH
µνρ (7.33)
The action (7.20) can be therefore written as
Γ[V,A] =
∫
d4x
[
−W0 − 1
6
ǫµνρσH
νρσAµ +
1
12W1
[
Hµνρ
−1Hµνρ − W5
W1
HµνρH
µνρ
]
+O(∂4)
]
(7.34)
The coupling to the background term can also be written as the standard anomaly
term
1
6
∫
ǫµνρσH
νρσAµ =
1
6
∫
ǫµνρσB
ρσFµν(A) (7.35)
From now on we set the background field Aµ to zero, since it only acts as an external
source for the dynamics of the emergent degree of freedom described by Bµν .
To compute variations we need,
δFµν = 1
2
(ǫνρσθ∂µ∂
ρδBσθ − ǫµρσθ∂ν∂ρδBσθ) (7.36)
Therefore, after some integrations by parts we obtain,
δΓ[V,A = 0] =
∫
d4x
[
1
2W1
[
δFµν−2Fµν − W5
W1
δFµν−1Fµν
]
+O(∂4)
]
= (7.37)
= ǫνρσθ
∫
d4x
δBσθ
2W1
[
∂ρ
(

−2∂µFµν − W5
W1

−1∂µFµν
)
+O(∂4)
]
We now use the Bianchi identity for F
ǫνρσθ∂
ρ∂µFµν = ǫνρσθFρν (7.38)
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to rewrite
δΓ[V,A = 0] = ǫνρσθ
∫
d4x
[
δBσθ
2W1
(

−1Fνρ − W5
W1
Fνρ
)
+O(∂4)
]
(7.39)
We also have
ǫνρσθFνρ = −2∂µHµσθ (7.40)
so that the equations of motion are[

−1 − W5
W1
]
∂µH
µσθ +O(∂2) = 0 (7.41)
and they appear to be non-local. Nevertheless, if we fix the analogue of the “Lorentz
gauge” ∂µBµν = 0 then the equation above becomes local[
− W1
W5
]
Bσθ +O(∂4) = 0 (7.42)
and is indeed a free field equation for a massive two form. This gives three propa-
gating degrees of freedom, which is the correct number carried by a conserved vector
Vµ satisfying ∂
µVµ = 0.
In the Lorentz gauge, equation (7.40) can be written as

−1F = − 1
3!
∗B (7.43)
which indicates that in this gauge the theory is local. Indeed, the Bianchi identity
for F is via equivalently, via (7.43), the Lorentz gauge condition for B.
In conclusion, this theory is an interacting theory of a massive two-form in four-
dimensions. The two-form theory , including the coupling to the external source in
(7.35), is reminiscent of the tensor theory in [53] that was inspired by the ideas in
[54].
7.1 A different non-local case
In this section, we consider a separate case. More specifically we assume the presence
of a single global U(1) symmetry within the hidden Q̂FT. On the contrary, the visible
one will not have any U(1) global symmetry and it will inherit it from the hidden
sector through the procedure we shall explain in what follows. Moreover, we assume
the absence of any charged interaction between the visible QFT and the hidden Q̂FT.
As a consequence of that choice the emergent theory will become non local and will
have to be treated in a different way.
To proceed we make the two theories to interact via a coupling involving a set
of uncharged fields. In such a way the original global U(1) symmetry of the hidden
sector is preserved and the symmetry pattern can be summarized as:
Û(1) × • → U(1) (7.44)
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where • stands for “no global symmetry”. In particular, no operator of the visible
theory is charged under the emergent vector field, and quantum corrections coupling
the two theories can only generate multiple couplings between the emergent vector
field and the visible fields.
In order to describe such a setup we assume the Schwinger functional to take
the form
W
(
Aµ, χI
)
=
∫
d4x
[
Y (0)(χI)− Y
(1)(χI)
4
F 2 +
Y
(2)
IJ
2
∂µχ
I ∂µχJ + Lint +O(∂4)
]
(7.45)
where the χI are a collection of neutral scalar fields and the leading interaction term
takes the “dipole” form:
Lint = Y
(int)
IJ (χ
I)
2
F µν ∂[µχ
I ∂ν]χ
J (7.46)
The ellipsis stands for higher derivative terms, namely terms with more than three
derivatives.
From the low energy functional (7.45) the emergent vector field defined via the
relation
Vµ ≡ δW (A, χ
i)
δAµ
∣∣∣
A=A
, (7.47)
takes the form
Vµ = ∂ν
(
Y (1) F νµ − Y (int)IJ ∂[νχI ∂µ]χJ
)
+O(∂4) (7.48)
where the brackets indicate the antisymmetrized part. In the absence of minimally
charged sources, the constraint ∂µVµ = 0 is trivially satisfied.
Once now we try to invert the previous expression as:
Aµ = Aµ(Vµ, χI) (7.49)
the same issue as before appears. In particular, it is clear that because of the structure
of (7.48), the inversion cannot be performed in a local way. As a consequence the
effective action for the emergent vector field Vµ has a non local formulation. This
example is the non-linear manifestation of the same problem we encounter in the
single theory setup in the absence of charged operators.
The first step is to construct the field strength of the vector field Vµ as
Fµν ≡ ∂µVν − ∂νVµ (7.50)
From equation (7.48) we can compute such a quantity and we obtain
Fµν = ✷ (F¯ µν − Kµν) +O(∂5) (7.51)
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where we have defined the antisymmetric two form
Kµν ≡ 2 Y (int)IJ ∂[µχI∂ν]χJ (7.52)
and
F¯ µν ≡ 2 Y (1) F µν (7.53)
The previous equation can be inverted into the non local form
F¯ µν = ✷−1 (Fµν) + Kµν +O(∂3) . (7.54)
We can then compute the gauge-invariant density
1
4 Y (1)
2 F¯µνF¯
µν =
1
4 Y (1)
2 ✷
−1Fµν ✷−1 Fµν + 1
4 Y (1)
2 Kµν Kµν + (7.55)
+
1
2 Y (1)
2 Kµν ✷−1Fµν +O(∂5)
in terms of the field strength of the emerging vector field F defined in (7.50) and the
antisymmetric two-form K (7.52).
Furthermore, the interacting part becomes
Lint = Kµν F¯
µν
8 Y (1)
=
1
8 Y (1)
Kµν ✷−1Fµν + K
2
8 Y (1)
+O(∂5) (7.56)
where we defined K2 ≡ KµνKµν . It is easy to see then that the Schwinger functional
is rewritten in the new variables as
W =
∫
d4x
[
Y (0) − 1
16Y (1)
✷
−1Fµν ✷−1Fµν + 1
16Y (1)
K2 + Y
(2)
IJ
2
∂µχ
I∂µχJ +O(∂5)
]
(7.57)
and the effective action via the Legendre transform becomes
Γ(Vµ, χI ,Aµ) =
∫
d4x [−Vµ(Aµ −Aµ)] + W (7.58)
=
∫
d4x
1
8Y (1)
[
✷
−1Fµν ✷−1 Fµν + Fµν ✷−1Kµν
]
+ VµAµ + W
=
∫
d4x
[
Y (0) +
1
16Y (1)
(
✷
−1Fµν +Kµν
) (
✷
−1Fµν +Kµν)+ Y (2)IJ
2
∂µχ
I∂µχJ +O(∂5)
]
We observe, that as in the previous section, and unlike the case were there are
minimally charged fields, here the action for Vµ is invariant under
Vµ → Vµ + ∂µǫ (7.59)
and this invariance can be shown to exist to all orders.
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To summarize, we obtained a gauge-invariant effective description in terms of
the emergent gauge field Vµ which appears to be non-local due to the presence of the
inverse Laplacian in the effective action. This result is analogous of what we already
obtained in the single theory case in section 7.
One way to proceed is to follow the same method presented in section 7.
To see however the structure of the next order terms we have to supplement the
effective functional (7.45) with the leading higher-derivative corrections, namely the
terms containing four derivatives,
W4(A
µ, χI) =
∫
d4x
(Y (3)
8
(F 2)2 +
Y (4)
8
FµνF
νρFρσF
σµ +
Y (5)
4
Fµν✷F
µν +
+
Y
(6)
IJKL
4
∂µχ
I∂µχJ ∂νχ
K∂νχL+
Y
(8)
IJKL
4
χI✷χJ χK✷χL+
Y
(10)
IJKL
4
χI✷χJ ∂νχ
K∂νχL+O(∂5)
)
(7.60)
along with
L4int(Aµ, χI) =
∫
d4x
(
Y
(7)
IJ
4
F 2 ∂µχ
I∂µχI +
Y
(9)
IJ
4
F µρ ∂µχ
IFρν∂
νχI + O(∂5)
)
(7.61)
For simplicity, we assume in the following that all the Y (n) couplings are con-
stant, independent of the neutral fields χI . Furthermore from (7.60), (7.61) we
consider only corrections which are at most quadratic in the field strength F µν and
in the derivative of the neutral scalars ∂χ as well as only linear terms, neglecting the
terms proportional to Y (3), Y (4), Y (8), Y (6), Y (9), Y (10). Such a simplified setup shall
be enough for the scope of this section, which is to demonstrate the propagating
degrees of freedom.
Under the previous assumptions we have
W (Aµ, χI) =
∫
d4x
(
Y (0)(χI)−Y
(1)(χI)
4
F 2 +
Y
(2)
IJ
2
∂µχ
I ∂µχJ +
Y (5)
4
Fµν✷F
µν +Lint
)
(7.62)
where
Lint = KµνF
µν
4
+
Y
(7)
IJ
4
F 2 ∂µχ
I∂µχI (7.63)
The higher derivative corrections we have introduced add new contributions to
the definition of the induced vector (7.48); in particular
Vµ = ∂ν
(
Y (1) F νµ − Y (int)IJ ∂[νχI ∂µ]χJ
)
+ ∂ν
(
Y (5)✷F µν
)
+∂ν
(
Y
(7)
IJ
(
F µν∂ρχ
I∂ρχJ
))
+O(∂5)
(7.64)
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Notice that from the definition (7.64) we can immediately derive the identity
∂µVµ = 0 (7.65)
by just using symmetry arguments.
We can calculate the field strength of the induced vector field Vµ as
Fµν ≡ ∂µVν − ∂νVµ = Y (1)✷Fµν−✷Kµν −Y (5)✷2Fµν− ✷ (Fµν Θ) + O(∂6) (7.66)
where we defined the scalar
Θ ≡ Y (7)IJ ∂µχI∂µχJ
and neglected higher corrections.
We can now invert the expression (7.66) assuming an ansatz of the type
Fµν = ✷
−1Aµν + Bµν (7.67)
where A,B are generic two forms. Combining (7.66) and (7.67) and solving them in
a perturbative expansion we obtain
Fµν = Y (1)Aµν − AµνΘ, Y (1)Bµν −Kµν − Y (5)Aµν − BµνΘ = 0 . (7.68)
and consequently
Aµν =
1
Y (1)
Fµν + 1
Y (1)
2 Fµν Θ + O(∂6) (7.69)
Bµν =
1
Y (1)
Kµν + Y
(5)
Y (1)
2Fµν +
Θ (KµνY (1) + 2Fµν Y (5))
Y (1)
3 + O(∂6) (7.70)
We use the redefinition in (7.53) to write down the original field strength in terms
of the induced one at leading order in derivatives
F¯µν = 2✷
−1Fµν + 2Kµν + 2 Y
(5)
Y (1)
Fµν + 2 Θ
Y (1)
✷
−1Fµν + O(∂4) (7.71)
and rewrite the original functional (7.62) as
W (Vµ, χI) =
∫
d4x
[
Y (0) +
Y
(2)
IJ
2
∂µχ
I∂µχJ − 1
4Y (1)
(
✷
−1Fµν✷−1Fµν +Kµν✷−1Fµν
)
(7.72)
− 1
4Y (1) 2
(
Y (5) Fµν✷−1Fµν + Θ✷−1Fµν✷−1Fµν
)
+ O(∂5)
]
Γ(Vµ, χI ,Aµ) =
∫
d4x [−Vµ(Aµ −Aµ)] + W = (7.73)
=∫
d4x
[
Y (0) +
Y
(2)
IJ
2
∂µχ
I∂µχJ +
1
4Y (1)
(
✷
−1Fµν✷−1Fµν +Kµν✷−1Fµν
)
+
+
1
4Y (1) 2
(
Y (5) Fµν✷−1Fµν + Θ✷−1Fµν✷−1Fµν
)
+ VµAµ + O(∂5)
]
The functional we obtain is definitely gauge-invariant with respect to the “emer-
gent” U(1) symmetry but it is manifestly non-local.
We now resort to the same method we exploited for the single theory example
in sec.7. More specifically we perform the following further change of variables
Vµ = 1
2
ǫµνρσ∂
νBρσ = 1
3!
ǫµνρσHνρσ , Hµνρ ≡ ∂µBνρ + ∂νBρµ + ∂ρBµν (7.74)
so that the condition
∂µVµ = 0 (7.75)
is identically satisfied. In other words we solve explicitly the constraint using sym-
metries.
We are now in the position of writing down the functional (7.73) in terms of the
new unconstrained variable
Γ(Vµ, χI ,Aµ) =
∫
d4x
[
Y (0) +
Y
(2)
IJ
2
∂µχ
I∂µχJ − 1
2Y (1)
1
3!
∂µ
(
✷
−1Kµν
)
ǫνκλσHκλσ
(7.76)
+
1
3!
(
ǫµκλσA
µ − 1
2Y (1)
∂µ
(
✷
−1Kµν
)
ǫνκλσ
)
Hκλσ
− 1
4Y (1)
(
Hµνρ✷−1Hµνρ + Y
(5)
Y (1)
HµνρHµνρ + Θ
Y (1)
Hµνρ✷−1Hµνρ
)
+O(∂5)
]
The term in (7.76) that coupled the backround gauge fieldA toH can be written,
after an integration by parts as
1
3!
ǫµκλσA
µHκλσ → −1
4
F κµ(A)Bλσ (7.77)
and, interestingly, to the standard anomaly coupling between B andA for anomalous
U(1)’s in four-dimensional compactifications of string theory, [52, 34].
By varying (7.76) with respect to H we compute the equations of motion for H
∂µ
[(
1 +
Θ
Y (1)
)
✷
−1 +
Y (5)
Y (1)
]
Hµνρ + 1
3!
∂µ
(
∂λ
(
✷
−1Kλσ
)− 2Aν) ǫσµνρ = 0 . (7.78)
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For the rest of the section, we set the source Aµ = 0.
The last term above is CP-odd and provides a source term for the equations of
Bµν . Using (7.78) we can compute the equations of motion for the unconstrained
two form B [(
1 +
Θ
Y (1)
)
✷
−1 +
Y (5)
Y (1)
]
∂µHµνρ + ∂µΘ
Y (1)
✷
−1Hµνρ = (7.79)
= − 1
3!
∂µ∂
λ
(
✷
−1Kλσ
)
ǫσµνρ = − 1
12
Fσµ(Z)ǫ
νρσµ
with
Fµν(Z) ≡ ∂µZν − ∂νZµ , Zµ = ∂λ(−1Kλµ) (7.80)
which is evidently non local but gauge-invariant. We now consider the linearized
part of this equation, namely[
✷
−1 +
Y (5)
Y (1)
]
∂µHµνρ = − 1
12
Fσµ(Z)ǫ
νρσµ . (7.81)
Choosing an appropriate gauge, i.e. the Lorentz gauge ∂µBµν = 0, we can rewrite
the equation above, in form notation, as[
1 +
Y (5)
Y (1)
✷
]
Bµν = − 1
3!
(∗F (Z))µν . (7.82)
which is a similar massive equation as we found in the last subsection.
8. Discussion
In the previous sections we have studied the emergence of a dynamical U(1) vector
field from a global symmetry of a hidden theory. Here, we would like to classify several
distinct versions of this emergence and possible phenomenological applications.
We may envisage the following cases of emergence of a U(1) vector field that
couples to the standard model:
1. A hidden theory with a global U(1) symmetry and a current-current coupling
to a SM global (non-anomalous) symmetry, An example could be B − L in
the SM. In that case, the result will be that the hidden global symmetry will
generate a (generically massive) vector boson that couples to the B−L charges
of the SM. In such a case, the combined theory still has two independent U(1)
symmetries, but one of them only is visible in the SM, (the hidden symmetry
is not visible from the point of view of the SM).
2. A hidden theory with a global U(1) symmetry and a coupling between a charged
operator in the hidden theory to a charged operator of the SM under a SM
global (non-anomalous) symmetry. Such a coupling breaks the two U(1)’s into
a single diagonal U(1). This leftover U(1) couples to the emergent vector boson.
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3. In the two cases above, the U(1) global symmetry of the SM may also be an
anomalous global symmetry, like baryon or lepton number. Although, some
of the properties of the new vector interaction remain similar to what was
described above, there are new features that are related to the anomaly of the
global SM symmetry. In such a case, we expect to have similarities with the
anomalous U(1) vector bosons of string theory.
4. A hidden theory with a global U(1) symmetry and a current-current coupling to
the (gauge-invariant) hypercharge current. In this case, both the hypercharge
gauge field and the emergent vector couple to the hypercharge current. By a
(generically non-local) rotation of the two vector fields, a linear combination
will become the new hypercharge gauge field, while the other will couple to
|H|2 where H is the SM Higgs.
5. A hidden theory with a global U(1) symmetry, whose current is Jµ and a
coupling with the hypercharge field strength of the SM of the form
Sint =
1
m2
∫
d4xF µν(∂µJν − ∂νJµ) (8.1)
where the scale M is of the same order as the messenger mass scale. By an
integration by parts this interaction is equivalent to the previous case, using
the equations of motion for hypercharge.
In all of the above we have an emergent U(1) vector boson that plays the role of a
dark photon, and in this context the single most dangerous coupling to the standard
model is the leading dark photon portal: a kinetic mixing with the hypercharge,
[33]. We can make estimates of such dangerous couplings using (weak coupling) field
theory dynamics, but it is also interesting to make such estimates using dual string
theory information at strong coupling. Such a study is underway, [30].
There are several studies so far of dark photons coupled to the standard model.
Such studies involve fundamental dark photons and all experimental constraints have
been parametrised in terms of the dark-photon coupling constant and its mass. In the
cases of emergent vectors studied here, as long as we look at such particles well below
the compositeness scale, their dynamics to leading order may be indistinguishable
from fundamental dark photons. But it may be that such a compositeness scale may
be low, and in such a case, non-local effects dominate and alter the phenomenological
behavior of such vectors. This is the case for emergent axions studied in [26].
Such phenomena are interesting to investigate, and we shall address them in a
future publication.
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Appendices
A. The example of free massive bosons and fermions
In this subsection we perform the direct computation of the 2-point current corre-
lation function 〈Jµ(k)Jν(−k)〉 for a free massive boson and a free complex massive
fermion. For notational convenience we use normal fonts in this subsection. Our goal
is to verify the presence or absence of the contact term in (4.7).
A.0.1 Free massive complex boson
The current of the U(1) global symmetry is
Jµ = − i
2
(ϕ∗∂µϕ− ϕ∂µϕ∗) . (A.1)
We now evaluate the 2-point function Gµν(k) = i〈Jµ(k)Jν(−k)〉 using standard Wick
contractions and the propagator (following a mostly positive sign convention for the
metric)
〈ϕ(x)ϕ∗(0)〉 =
∫
ddp
(2π)d
−ie−ipx
p2 +m2 − iǫ . (A.2)
The Wick contractions lead to the expression
iGµν(k) = −1
2
∫
ddp
(2π)d
[
(2pµ + kµ)(2pν + kν)
(p2 +m2)((p+ k)2 +m2)
+
2ξηµν
p2 +m2
]
. (A.3)
The first term is due to the usual Wick contractions and the second arises from
normal ordering the operators that produce δ-function contact terms in position
space. From a diagrammatic point of view, the first term is coming from a loop
diagram with two current insertions while the second is a contact tadpole term when
the insertions are at the same point. We have chosen an arbitrary coefficient ξ for
this term to eventually adjust imposing the invariance.
Using Feynman parameters, we obtain:∫
ddp
(2π)d
(2pµ + kµ)(2pν + kν)
(p2 +m2)((p+ k)2 +m2)
=
∫ 1
0
dx
∫
ddp
(2π)d
(2pµ + kµ)(2pν + kν)
((p+ k(1− x))2 + x(1 − x)k2 +m2))2 (A.4)
and shifting pµ → pµ − kµ(1− x) to simplify the denominator we obtain
iGµν(k) = −1
2
∫
ddp
(2π)d
∫ 1
0
dx
2ξηµν(p
2 + x2k2 −m2) + 4pµpν + (2x− 1)2kµkν
(p2 + k2x(1− x) +m2)2 ,
(A.5)
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where we kept only the rotationally invariant terms. After employing standard di-
mensional regularization manipulations (introducing the scale µ and the parameter
∆ = m2 + k2x(1 − x) ) we arrive at the result for the various parts of the correlator
Gµν(k) =
µ4−d
(4π)d/2
[
ηµνΓ
(
1− d
2
)∫ 1
0
dx∆d/2−1 − kµkν
2
Γ
(
2− d
2
)∫ 1
0
dx(2x− 1)2∆d/2−2
]
+
+ ξ
µ4−d
(4π)d/2
ηµν
[
d
2
Γ
(
1− d
2
)∫ 1
0
dx∆d/2−1 − Γ
(
2− d
2
)∫ 1
0
dx(k2x2 +m2)∆d/2−2
]
.
(A.6)
We can now expand in 4− d = ǫ to find
Gµν(k) =
1
(4π)2
(
ηµν
∫ 1
0
dx∆
[
−2
ǫ
+ log
c1∆
µ2
]
− kµkν
2
∫ 1
0
dx(2x− 1)2
[
+
2
ǫ
− log c1∆
µ2
])
+
+ ξ
1
(4π)2
ηµν
(∫ 1
0
dx∆
[
−4
ǫ
+ 2 log
c1∆
µ2
]
−
∫ 1
0
dx(k2x2 +m2)
[
+
2
ǫ
− log c1∆
µ2
])
=
∫ 1
0
dx
(4π)2
[
ηµνm
2(1 + ξ) +
(2x− 1)2
2
kµkν + ηµνk
2
(
x2(1 + 3ξ)− x(1 + 2ξ))]×
×
[
−2
ǫ
+ log
c1∆
µ2
]
. (A.7)
with c1 = e
γ/
√
2π a constant that depends on the Euler γ that is to be subtracted in
the MS-scheme or absorbed in the scale µ. Notice also that we can add and subtract
terms proportional to odd powers of ∼ 2x − 1 since they integrate to zero. The
divergences then can be subtracted and the result renormalised. Before doing so, we
observe that the Ward identity should hold in the same way for both the divergent
and the logarithmic terms, since they have the same tensor structure. In particular
according to (4.7), we find a momentum independent contact term
kµGµν(k) = −A kν , A = 1
8π2
m2(1 + ξ) . (A.8)
This is a quite generic feature. The correlator is transverse only for the scalar QED
value ξ = −1 , else there is always a third longitudinal degree of freedom. This is
precisely what the tadpole term in (A.3) affects, and hence can also be interpreted
as a shift in the background due to this tadpole.
We conclude with the final renormalised result with respect to the scale µr (in
the MS scheme), that reads for general ξ
Grenµν (k) =
∫ 1
0
dx
(4π)2
× (A.9)
×
[
ηµνm
2(1 + ξ) +
(2x− 1)2
2
kµkν + ηµνk
2
(
x2(1 + 3ξ)− x(1 + 2ξ))] log ∆
µ2r
.
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A.0.2 The free massive fermion
As a second example consider the case of a free massive Dirac fermion
SDirac =
∫
d4x ψ¯(iγµ∂µ −m)ψ . (A.10)
The current of the global U(1) symmetry is
Jµ = ψ¯γµψ . (A.11)
Wick contractions and the use of the Feynman propagator
SF (x− y) =
∫
d4p
(2π)4
i(γµpµ −m)
p2 +m2 − iǫe
−ip(x−y) (A.12)
leads in Feynman parameters to the 2-point function (∆ = m2 + k2x(1− x))
i〈Jµ(k)Jν(−k)〉 = −2
∫ 1
0
dx
∫
ddp
(2π)d
2pµpν − 2x(1− x)kµkν − ηµν (p2 − k2x(1− x) +m2)
(p2 +∆)2
.
(A.13)
No contact term contribution to the Ward identity is anticipated in this case and
none is found by explicit computation.
After using dimensional regularisation, the result is explicitly transverse and
similar to what was obtained for the free bosons
Gµν(k) = − 1
4π2
(
k2ηµν − kµkν
) ∫ 1
0
dx(1− x)x
[
2
ǫ
+ log
(
4πe−γµ2
m2 + k2x(1− x)
)]
.
(A.14)
B. Ka¨llen-Lehmann spectral representation
One can write down the most general Ka¨llen-Lehmann spectral representation for
the two-point function of currents as follows
〈Jµ(x)Jν(0)〉 = iGµν(x) =
∫ ∞
0
dµ2
∫
ddk
(2π)d
−i e−ikx
k2 + µ2 − iǫρµν(k, µ
2) (B.1)
where the spectral weight is split into longitudinal and transverse parts
ρµν(k, µ
2) =
(
ηµν − kµkν
µ2
)
ρ1(µ2) + kµkνρ
0(µ2) . (B.2)
The longitudinal part appears when the associated symmetry is broken and the
current is not conserved. The scalar Goldstone pole in the case of spontaneous
breaking is located in this part.
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For a conserved current in a CFT we obtain
ρ1(µ2) ∼ µd−2, ρ0(µ2) = 0 . (B.3)
Equation (B.2) is the common splitting employed in the literature that captures both
vectors and axial vectors, see for example [55].
Another possible splitting is the one performed in the main text (4.14), that
corresponds to
ρµν(k, µ
2) = ηµν A(µ2) +
(
ηµν − kµkν
µ2
)
B(µ2) . (B.4)
It is simple to find the relation between the two descriptions
B(µ) = ρ1(µ2)− µ2ρ0(µ2) , A(µ2) = µ2ρ0(µ2) . (B.5)
In order to write (4.18) in the main text we have exchanged the k and µ integrations,
so that
B(k2) =
∫ ∞
0
dµ2
B(µ2)
k2 + µ2 − iǫ , A(k
2) =
∫ ∞
0
dµ2
A(µ2)
k2 + µ2 − iǫ . (B.6)
One should be careful though, since to be able to perform this exchange, the integral
over the spectral weight should be well defined, and frequently one needs to perform
certain subtractions. In all cases though, the position space result (B.1) is well
defined.
We may also rewrite (B.1) as
Gµν(x) = (∂µ∂ν − ηµν)D1(x) + ηµνD0(x) (B.7)
with
D1(x) =
∫ ∞
0
dµ2B(µ2)Dd(µ) , D0(x) =
∫ ∞
0
dµ2A(µ2)Dd(µ) (B.8)
where
Dd(µ) ≡ −
∫
ddk
(2π)d
e−ikx
k2 + µ2 − iǫ (B.9)
is the scalar propagator.
Now we can study various spectral options for different theories such as having
poles or a continuum of states. Near poles k2 ≃ −m2i , the correlator has the behaviour
corresponding to the exchange of a massive gauge boson. For a conserved current
we find
Gµν(k) ≃ − R(mi)
k2 +m2i
(
ηµν − kµkν
m2i
)
. (B.10)
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In this expression R(mi) > 0 is the positive definite spectral weight residue near such
poles, coming solely from the ρ1(µ2) term of eqn. (B.1)23. This two-point function
leads to a repulsive force between two equal charges as shown in the next appendix C.
When the current is not conserved the longitudinal part of the correlator is non-
zero. As this is proportional to qµqν in momentum space, it gives rise to derivative
interactions and does not mediate a static force. The same applies to spontaneous
symmetry breaking.
C. The effective static potential
In this appendix we shall investigate the nature of the static interaction mediated
by the emergent vector as a function of different types of spectral densities in the
vector two-point function.
We work under the assumption that the hidden theory current two-point function
is to be interpreted as the propagator for the emergent vector as shown in the main
text. This implies that we can directly compute the static potential between two
external sources in real space by Fourier transforming the static part of the correlator
(where k2 = −k20 + |~k|2 in our conventions)
Φ(r) =
∫ ∞
−∞
dtG00(t, ~r) =
∫ ∞
−∞
d3~k
(2π)3
G00(k0 = 0, ~k)e
i~k~r (C.1)
We first perform the angular integral to obtain (y = |~k|)
Φ(r) =
∫ ∞
0
dy
2π2
y G00(y)
sin ry
r
. (C.2)
Using the symmetry of the integrand under y → −y we can turn this integral into
Φ(r) =
1
4π2r
∫ ∞
−∞
dy y G00(y) e
iry . (C.3)
We now turn to the general spectral representation of the current-current corre-
lator, presented in appendix B. Using (B.2), we find
Φ(r) = − 1
4π2r
∫ ∞
−∞
dy y eiry
∫ ∞
0
dµ2
ρ1(µ2)
y2 + µ2 − iǫ . (C.4)
Assuming now the presence of isolated poles atmi and a branch-cut continuum start-
ing above a scaleM in the spectral weight, we can deform the contour in the complex
y-plane, to one that encloses the upper-half imaginary axis (hairpin), resulting into
Φ(r) = − 1
4π2r
∫
C
dy y eiry
∫ ∞
0
dµ2
ρ1(µ2)
y2 + µ2 − iǫ . (C.5)
23The other term ρ0(µ2) is relevant for Axial currents.
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Taking advantage of the Sokhotski-Plemelj formula
1
x± iǫ = P
1
x
∓ iπδ(x) , (C.6)
and noticing that only the imaginary part contributes to the hairpin contour (the
principal values cancelling pairwise), we finally find
Φ(r) =
1
4πr
∫ ∞
0
du u e−ru
(∑
i
ρ1(m2i )δ(u
2 −m2i ) + θ(u2 > M2)ρ1(u2)
)
. (C.7)
This is a general result, showing that in proper unitary theories, only the imaginary
part of the correlator contributes to the static potential. We observe that each of
the poles gives the potential of a massive vector boson
Φ(r) ∼ 1
4πr
∑
i
e−mir . (C.8)
The force between two equal charges is then a repulsive force as expected from the
exchange of a massive vector boson. The sign is fixed due to the positivity of the
spectral weight. If the isolated pole is at u2 = 0 we obtain a long range potential
due to an exchange of a massless photon-like state
Φ(r) ∼ 1
4πr
. (C.9)
This case is not obviously excluded by the WW theorem, [27], as one of the assump-
tions is that the massless pole should correspond to a charged state under the current
whereas the states generated by a U(1) currets are chargeless.
The branch-cut continuum generically results in a more intricate behaviour, two
examples being the free bosonic and fermionic theories of appendix A. The details
depend on the precise continuum spectral weight of the hidden theory. Assuming a
leading power law behaviour for the spectral weight near the mass gap of the form
ρ1(µ2) = ρ1(0) (µ
2 −M2)a [1 +O (µ2 −M2)] , (C.10)
we find
Φ(r) ≃ 1
4πr
∫
M
du u e−ru(u2 −M2)aρ1(0) ∼
e−Mr
(Mr)a+2
, Mr →∞ (C.11)
while for a = 0 (logarithmic branch cut) we obtain
Φ(r) ≃ 1
4πr
∫
M
du u e−ru log(u2 −M2)ρ1(0) ∼ e−Mr log
[
Mr
2
eγ
]
, Mr →∞
(C.12)
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In the limit where the mass gap of the continuous spectrum vanishes, (M → 0), we
obtain instead
Φ(r) ∼ 1
r3+2a
, (C.13)
For a CFT a = 1 and we recover the Φ(r) ∼ 1/r5 scaling for the static potential (the
current-current correlator behaves as 1/|x|6).
Now we shall conclude with a detailed analysis for the cases of free bosons/fermions.
In the case of free bosons (A.9) we find
Gf.b.00 (y) =
∫ 1
0
dx
(4π)2
[
m2(1 + ξ)− y2 (x2(1 + 3ξ)− x(1 + 2ξ))] log (m2 + y2x(1− x))
µ˜2
.
(C.14)
We can again deform the contour as before so that we enclose the cut of the function
Gf.b.00 (y). The cut starts at y = 2im. We therefore write the integral as
Φ(r) =
1
4π2r
∫ ∞
2m
du u e−ruℑGf.b.00 (u) (C.15)
Taking the imaginary part directly we find (equivalently we could have used the
Cutkosky rules in the original expression for the correlator)
ℑGf.b.00 (u) = −
∫ 1
0
dx
(4π)2
[
m2(1 + ξ) + u2
(
x2(1 + 3ξ)− x(1 + 2ξ))]πθ (u2x(1− x)−m2)
(C.16)
The roots giving the integral endpoints are x± = 1/2 ±
√
1/4−m2/u2, so that we
obtain
ℑGf.b.00 (u) =
√
1− 4m2/u2
6π
[
u2 − 4m2] , (C.17)
from which we observe that the contact term contribution (ξ dependent) vanishes.
This results into
Φ(r) =
m2
8π3r3
K(2, 2mr) ∼ e
−2mr
r7/2
, r →∞ (C.18)
A similar manipulation of (A.14), reveals that
ℑGf.f.00 (u) =
√
1− 4m2/u2
3π
[
u2 + 2m2
]
, (C.19)
so that the static potential again scales as
Φ(r) ∼ e
−2mr
r7/2
, r →∞ (C.20)
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D. U(1) Effective action with multiple charged fields
In this appendix we analyse the effective action in the presence of multiple charge
fields.
We therefore consider multiple charged fields and/or sources Φi(x) , i = 1, ...N
that all transform under a global U(1) and have charges qi. The Schwinger functional,
valid for theories with a mass gap can be now parametrized as
W (A,Φi) =
∫
d4x
(
W0(|Φi|2) + W1(|Φ
2
i |)
4
F 2A +
∑
i
W 2i (|Φi|2)
2
|DΦi|2 +O(∂3)
)
(D.1)
where FA = dA, and WI(|Φ|i) is a shorthand for general potential functions that
depend on all uncharged scalar monomials. The covariant derivatives are
DµΦi = (∂µ + iqiAµ)Φi , DµΦ
∗
i = (∂µ − iqiAµ)Φ∗i (D.2)
and the ellipsis represents higher derivative terms, i.e. terms with more than two
derivatives. The functional in (D.1) is gauge-invariant under
Aµ → Aµ + ∂µǫ(x) , Φi → Φi e−iqiǫ(x) (D.3)
This is equivalent to the standard Ward identity for the total current
∂µ
δW
δAµ
+ i
∑
i
(
Φi
δW
δΦi
− Φ∗i
δW
δΦ∗i
)
= 0 . (D.4)
From (3.18) we can compute the current as (repeated indices are summed over)
V˜ν ≡ δW
δAν
= −∂µ(W1FAµν)−
i
2
∑
i
[
W 2i (qiΦ
∗
i ∂νΦi − qiΦi∂νΦ∗i ) +W 2i |qiΦi|2Aν
]
+O(∂3)
(D.5)
We shall now invert the previous expression and compute Aµ as a function of
V˜µ in a derivative expansion. In particular we obtain an expansion of the form
Aµ =
∑∞
i=0A
(i)
µ , where the A
(i)
µ contains (i)-derivatives. The result for the first few
terms is
A(0)ν = Vˆν ,
A(1)ν =
i
2
∑
j W
2
j |qjΦj |2
∑
i
W 2i (qiΦ
∗
i ∂νΦi − qiΦi∂νΦ∗i ) ,
A(2)ν =
1∑
iW
2
i |qiΦi|2
∂µ
(
W1 F
Vˆ
µν
)
, (D.6)
and so on, where
Vˆµ ≡ V˜µ∑
iW
2
i |qiΦi|2
, F Vˆµν = ∂µVˆν − ∂ν Vˆµ . (D.7)
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We truncate our expansion to two derivatives since our original functional D.1 was
also valid up to two derivative terms.
Note, that from (D.6, D.7), Vˆµ is gauge invariant under the original gauge trans-
formation D.3 as it should. We may rewrite the equations in (D.6) as
1∑
iW
2
i |qiΦi|2
∂µ
(
W1 F
Vˆ
µν
)
+ Vˆν+ (D.8)
+
i
2
∑
j W
2
j |qjΦj |2
∑
i
W 2i (qiΦ
∗
i ∂νΦi − qiΦi∂νΦ∗i ) +O(∂3) = Aν
where Aν is the background gauge field of the original theory.
Interestingly, equation (D.8) is gauge-invariant under the following “dual” gauge
transformation:
Vˆµ → Vˆµ + ∂µλ , Φi → Φi eiqiλ . (D.9)
but higher derivatives will not any more be invariant under this modified transfora-
tion. We should also check whether this dual gauge invariance is present at the level
of the effective action functional Γ.
We therefore now move on to derive explicit expressions for the effective action
functional in the derivative expansion. Using the original functional D.1, we compute
the effective action Γ as a Legendre transform with respect to the total current first
in terms of Aµ
Γ(Aµ,Φi,Aµ) =
∫
d4x
(
W0(|Φi|2) + W1(|Φ
2
i |)
4
F 2A +
1
2
∑
i
W 2i |DΦi|2
)
+ (D.10)
+
∫
d4x(Aν−Aν)
(
∂µ(W1F
A
µν) +
∑
i
W 2i
[
iqi
2
(Φ∗i ∂νΦi − Φi∂νΦ∗i )− Aν |qiΦi|2
])
+O(∂3)
Substituting D.6 and keeping terms up to two derivatives we finally find
Γ(Vˆµ,Φi,Aµ) =
∫
d4x
[
W0 − 1
4
W1(F
Vˆ )2 +
1
2
∑
i
W 2i
(
|∂Φi|2 + |qiΦi|2AµVˆµ
)]
−
(D.11)
−1
2
∫
d4x
(∑
k
W 2k |qkΦk|2
)(
Vˆν +
i
2
∑
iW
2
i qi (Φ
∗
i ∂νΦi − Φi∂νΦ∗i )∑
j W
2
j |qjΦj |2
)2
+O(∂3)
As expected this functional is not gauge-invariant off-shell. However, the equation
that relates it to the Schwinger function is gauge-invariant. Therefore it is only gauge
invariant on-shell to that order in the derivative expansion.
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E. The structure of higher derivative terms
We have seen in the main part of the paper, that in the leading orders in the derivative
expansion, the equation of motion from the effective action of the vector Vµ enjoys
an emergent gauge invariance, distinct from the original gauge invariance of the
Schwinger functional. It acts by a standard U(1) gauge transformation on Vˆµ and
transforms the charged sources with the opposite charge, as in (5.29).
In this appendix we investigate the fate of the emergent gauge invariance acting
on Vµ and the charged fields found in the leading derivative expansion, by studying
the higher order terms. We show that such an invariance does not exist, but it is an
artifact of the first few terms of the expansion.
To indicate the problem we start with two such terms in the Schwinger functional
that involve a charged source Φ, a two derivative term and a four derivative term.
W2(A
µ,Φ) =
∫
d4x
[
Z2
2
|DΦ|2 + Z4
4
|DΦ|4 + · · ·
]
(E.1)
To have a consistent (gauge-invariant) derivative expansion we must count with the
same weight ∂µ and Aµ in this expansion.
We compute,
Vµ =
(
Aµ|Φ2| − i
2
Jµ
)
(Z2 + Z4DµΦD
µΦ∗) + · · · (E.2)
We rewrite this as
ǫVµ = ǫZ2
(
Aµ|Φ2| − i
2
Jµ
)
+ ǫ3Z4
(
Aµ|Φ2| − i
2
Jµ
)
DµΦD
µΦ∗ +O(ǫ4) (E.3)
where we introduces a small parameter ǫ to count the order in ∂µ and Aµ and Vµ.
We have also defined
Jµ ≡ Φ∗∂µΦ− Φ∂µΦ∗ (E.4)
from which we obtain
Φ∂µΦ
∗ =
1
2
(
∂µ|Φ|2 − Jµ
)
, Φ∗∂µΦ =
1
2
(
∂µ|Φ|2 + Jµ
)
(E.5)
that will be useful further on.
Under a standard gauge transformation, the variables change as
Aµ → Aµ + ∂µζ , Φ→ Φ e−iζ , Jµ → Jµ − 2i|Φ|2∂µζ (E.6)
Inverting (E.3) we obtain
Z2
(
Aµ|Φ2| − i
2
Jµ
)
= Vµ − ǫ2Z4
(
Aµ|Φ2| − i
2
Jµ
)
DµΦD
µΦ∗ +O(ǫ3) = (E.7)
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= Vµ − ǫ2Z4
Z2
Vµ DµΦD
µΦ∗ +O(ǫ3)
where in the last step we substituted the left hand side in the right side but not yet
in DµΦD
µΦ∗. We now investigate this part
DµΦD
µΦ∗ = ∂µΦ∂
µΦ∗ − iJµAµ + AµAµ|Φ|2 = (E.8)
= ∂µΦ∂
µΦ∗ +
1
4|Φ|2JµJ
µ +
1
|Φ|2
(
Aµ|Φ2| − i
2
Jµ
)2
=
=
∂µ|Φ|2∂µ|Φ|2
4|Φ|2 +
1
|Φ|2
(
Aµ|Φ2| − i
2
Jµ
)2
We now substitute (E.7) into (E.8) above to obtain
DµΦD
µΦ∗ =
∂µ|Φ|2∂µ|Φ|2
4|Φ|2 +
VµV
µ
Z22 |Φ|2
+O(ǫ) (E.9)
and substituting this back into (E.7) we obtain
Z2
(
Aµ|Φ2| − i
2
Jµ
)
= Vµ − ǫ2Z4
Z2
Vµ
[
∂µ|Φ|2∂µ|Φ|2
4|Φ|2 +
VµV
µ
Z22 |Φ|2
+O(ǫ)
]
+O(ǫ3) =
(E.10)
and finally rearranging
Aµ =
Vµ
Z2|Φ|2 +
i
2|Φ|2Jµ − ǫ
2 Z4
Z22 |Φ|2
Vµ
[
∂µ|Φ|2∂µ|Φ|2
4|Φ|2 +
VµV
µ
Z22 |Φ|2
]
+O(ǫ3) (E.11)
We now redefine
Vˆµ =
Vµ
Z2|Φ|2 (E.12)
to finally obtain
Aµ = Vˆµ +
i
2
∂µ log
Φ
Φ∗
− ǫ2Z4
Z2
Vˆµ
[
∂µ|Φ|∂µ|Φ|+ |Φ|2VˆµVˆ µ
]
+O(ǫ3) (E.13)
We observe that (E.11) has a consistent ǫ expansion in which a derivative is O(ǫ) but
Vµ and Vˆµ is O(ǫ0). Still this equation is not gauge-invariant under the dual gauge
invariance (5.29) beyond the leading O(1) piece.
We may now extend somewhat the Schwinger functional by taking it to be
W (Aµ,Φ) =
∫
d4x f(|DΦ|2, |Φ|2) (E.14)
and again compute
Vµ = ǫ
(−iJµ + 2Aµ|Φ|2) f ′(ǫ2|DΦ|2, |Φ|2) = (E.15)
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where the prime above stands for the derivative of f with respect to |DΦ|2 and we
reintroduced the expansion parameter ǫ. We now introduce
dµ ≡ Aµ − i
2
Jµ
|Φ|2 = Aµ −
i
2
∂µ log
Φ
Φ∗
, F µνd ≡ ∂µdν − ∂νdµ = F µνA (E.16)
which is gauge-invariant under the orignal gauge transformations.
We use (E.8) to rewrite (E.15) as
Vµ = 2ǫ|Φ|2dµf ′
(
ǫ2
[
∂µ|Φ|∂µ|Φ|+ |Φ|2dµdµ
]
, |Φ|2) (E.17)
which we rewrite as
dµ =
Vµ
2ǫ|Φ|2
1
f ′ (ǫ2 [(∂|Φ|)2 + |Φ|2dµdµ] , |Φ|2) (E.18)
and taking the square we obtain
ǫ2d2 =
V 2
4|Φ|4
1
f ′ (ǫ2 [(∂|Φ|)2 + |Φ|2d2] , |Φ|2)2 (E.19)
It is clear that the solution to this equation for dµ wiill be of the form
dµ =
Vµ
2ǫ|Φ|2 g
(
V 2, ǫ2(∂|Φ|)2, |Φ|2) (E.20)
with g (V 2, ǫ2(∂|Φ|)2, |Φ|2) an appropriate function of its arguments. Therefore, we
observe that the solution has a form similar to what we found in the simpler example.
It is a functional of |Φ| and Vµ but the phase of Φ that here is a gauge degree of
freedom, has disappeared. With a similar argument we can prove this statement for
a general gauge-invariant Schwinger functional.
F. The complete Legendre transform
In this appendix we proceed further and consider the effective action of the current
as well as the other charged operators. For this we must perform a complete Leg-
endre transform that includes the charged fields/sources. To wit, we define the new
functional
ΓT (V˜µ, χ,Aµ) = −
∫
d4x
[
χΦ+ χ∗Φ∗ + V˜ µ(Aµ −Aµ)
]
+W (A,Φ) . (F.1)
We also have the definitions
V˜µ ≡ δW
δAµ
∣∣∣∣∣
Aµ=Aµ
, χ =
δW
δΦ
∣∣∣∣∣
Aµ=Aµ
. (F.2)
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The conservation law (3.4) hence becomes
∂µV˜µ + i (Φχ− Φ∗χ∗)
∣∣∣∣∣
Aµ=Aµ
= 0 (F.3)
With these definitions we maintain gauge invariance explicitly since both the back-
ground and the gauge field transform in the same way, while V˜ is invariant.
The effective action has the defining property that it is extremal with respect to
V˜µ. To show this we first obtain by direct functional differentiation
δΓT
δV˜ µ
= (Aµ − Aµ)− δA
ν
δV˜ µ
V˜ν − δΦ
δV˜ µ
χ− δΦ
∗
δV˜ µ
χ∗ +
δW
δV˜ µ
(F.4)
and by using the chain rule
δW
δV˜ µ
= V˜ν
δAν
δV˜ µ
+
δΦ
δV˜ µ
χ +
δΦ∗
δV˜ µ
χ∗ , (F.5)
the variation with respect to the emerging vector field V˜µ is
δΓ(V˜ ,Φ,Aµ)
δV˜µ
= (Aµ −Aµ) . (F.6)
We therefore find that it is extremal on the background solution
δΓT (V˜ ,Φ,Aµ)
δV˜µ
∣∣∣∣∣
Aµ=Aµ
= 0 (F.7)
In addition with this definition (and again using chain rule) we find
δΓT (V˜ , χ,Aµ)
δχ
= −Φ , δΓ
T (V˜ , χ,Aµ)
δχ∗
= −Φ∗ (F.8)
Notice that gauge invariance is preserved once both Φ and χ transform together with
opposite charges.
We now parametrize the IR effective action in a derivative expansion in the case
of a single charged source for simplicity.
W (A,Φ) =
∫
d4x
(
W0(|Φ|2) + W1(|Φ
2|)
4
F 2 +
W2(|Φ|2)
2
|DΦ|2 + · · ·
)
(F.9)
where
DµΦ = (∂µ + iAµ)Φ , DµΦ
∗ = (∂µ − iAµ)Φ∗ (F.10)
It is invariant under the gauge transformations
Aµ → Aµ + ∂µǫ , Φ→ Φ eiǫ (F.11)
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We compute the first derivatives
V˜ν ≡ ∆Γ
δAµ
= −∇µ(W1Fµν)− iW2
2
(Φ∗∂νΦ− Φ∂νΦ∗) +W2Aν |Φ|2 (F.12)
= V˜ 0ν + V˜
1
ν + · · ·
with
V˜ 0µ =W2|Φ|2Aµ , V˜ 1µ = −i
W2
2
(Φ∗∂νΦ− Φ∂νΦ∗) (F.13)
χ =
(
W ′0(|Φ|2) +
W ′1(|Φ2|)
4
F 2 +
W ′2(|Φ|2)
2
|DΦ|2
)
Φ∗ − 1
2
∂µ(W2∂µΦ
∗)+ (F.14)
+
W2
2
AµA
µΦ∗ + iAµW2∂µΦ
∗ +
i
2
∂µ(AµW2)Φ
∗
= χ0 + χ1 + χ2 + · · ·
with
χ0 = W
′
0Φ
∗ , χ1 = 0 (F.15)
χ2 =
(
W2
2
AµA
µ +
W ′2
2
AµA
µ|Φ|2
)
Φ∗ − iW
′
2
2
(Φ∗∂µΦ + Φ∂µΦ
∗)Φ∗Aµ+ (F.16)
+iW2A
µ∂µΦ
∗ +
i
2
∂µ(W2Aµ)Φ
∗ .
Notice that we treat Aµ on the same footing as ∂µ in the derivative expansion for χ,
since they both couple in the same order to Φ and have the same dimension.
In order to facilitate the inversion procedure we pickW0 = |Φ|2, W1,W2 = const.
To leading order, without derivative we can invert the relations as follows:
Φ = χ∗ , Φ∗ = χ , Aµ = +
V˜µ
W2|Φ|2 = Vˆµ (F.17)
The fortunate thing is that if we wish to write down the the effective action up to
quadratic order in derivatives, this is all we need since
χΦ + χ∗Φ∗ = χ0Φ + χ
∗
0Φ
∗ + χ1Φ + χ
∗
1Φ
∗ = 2|Φ|2 +W2A2|Φ|2 + iW2Aµ (Φ∂µΦ∗ − Φ∗∂µΦ)
= 2|Φ|2 +W2A2|Φ|2 + iW2Aµ (Φ∂µΦ∗ − Φ∗∂µΦ) (F.18)
Considering in (F.14), W0 = |Φ|2 and that W1,W2 = const, we obtain
χ = Φ∗ − 1
2
∂µ(W2∂µΦ
∗) +
W2
2
AµA
µΦ∗ + iAµW2∂µΦ
∗ +
i
2
∂µ(AµW2)Φ
∗ (F.19)
We then expand
Φ∗ = Φ∗0 + Φ
∗
1 + Φ
∗
2 + · · · (F.20)
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and
Aµ = A
(1)
µ + A
(2)
µ + A
(3)
µ + · · · (F.21)
Notice that the expansion of the gauge field starts from first order because we treat
the gauge field in the same footing as the space-time derivative.
We substitute the expansions above into (F.19) and obtain the following relations
between the dual fields,
Φ∗0 = χ , Φ
∗
1 = 0 (F.22)
Φ∗2 =
W2
2
(
χ−A(1)µ A(1)µχ− 2i A(1)µ ∂µχ− iχ∂µA(1)µ
)
(F.23)
Notice that Φ0 and Φ1 are fully determined, in order to determine Φ2, we need
to solve the gauge field EOM’s as well. To do this we substitute in the equation
for the vector field V˜µ (F.12), the expansions (F.20), (F.21) and then we express the
terms that depend on Φ in terms of χ using (F.22), (F.23). We obtain (up to three
derivatives)
V˜ν = −i W2
2
(χ∂νχ
∗ − χ∗∂νχ) +W2A(1)ν | χ |2 +W2A(2)ν | χ |2 +W2A(3)ν | χ |2
+W2A
(1)
ν (χ
∗Φ∗2 + Φ2χ)− i
W2
2
(Φ∗2∂νχ
∗ + χ∂νΦ2 − χ∗∂νΦ∗2 − Φ2∂νχ)−W1∂µFA
(1)
µν
(F.24)
and
A(1)µ = Vˆν +
i
2
∂ν log
χ∗
χ
, A(2)ν = 0 (F.25)
where
Vˆµ ≡ V˜µ
W2 | χ |2 . (F.26)
We may then rewrite (F.23) as
Φ∗2 =
W2
2
[
∂2χ−
(
Vˆν +
i
2
∂ν log
χ∗
χ
)2
χ− 2i
(
Vˆν +
i
2
∂ν log
χ∗
χ
)
∂µχ− (F.27)
−iχ∂µ
(
Vˆν +
i
2
∂ν log
χ∗
χ
)]
Finally
A(3)ν =
W1
W2 | χ |2∂
µF Vˆµν + · · · (F.28)
We observe that the inversion (as an expansion in powers of derivatives)
Aµ = Vˆν +
i
2
∂ν log
χ∗
χ
+
W1
W2 | χ |2∂
µF Vˆµν + O(∂
3+) (F.29)
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admits the following dual gauge invariance
Vˆµ → Vˆµ + ∂µǫ , χ→ χ e−iǫ . (F.30)
but as in the case of the partial Legendre transform, it is an artifact of the leading
orders of the derivative expansion.
We have expressed up to second order Aµ,Φ in terms of Vˆµ, χ and we can sub-
stitute them in the expression for the functional (F.1) in order to have the effective
action in terms of the classical vev fields
Γ
(
Vˆµ, χ,Aµ
)
=
∫
d4x
[
−|χ|2 + W2
2
| ∂χ |2 +W2 | χ |2 Vˆ µAµ (F.31)
−W2
2
|χ|2
(
Vˆµ +
i
2
∂µ log
χ∗
χ
)2]
+O(∂2) .
G. Massless bulk gauge field propagators
We consider a Maxwell gauge field in a Euclidean asymptotically AdSd+1 bulk, in
conformal coordinates
ds2 = e2A(z)(dz2 + dxµdx
µ) (G.1)
with action
S = Z
Md−1p
4
∫
dz ddx
√
gFmnF
mn , (G.2)
where m,n are (d+1)-dimensional indices while we reserve here µ, ν for the boundary
indices. The equations to be solved are the Maxwell equations
∇mFmn = 0 → ∂m (√ggmrgnsFrs) = 0 . (G.3)
We shall pick a gauge that fixes all gauge degrees of freedom, namely the generalized
Coulomb gauge, which amounts to imposing the conditions
Az = 0 , ∂
µAµ = 0 . (G.4)
where the indices above are raised with the Minkowski (boundary) metric.
Translating the equations (G.3) in the metric (G.1), the gauge fields satisfy(
∂2z + (d− 3)A′∂z +d
)
Aµ(z, x) = 0 (G.5)
together, with the Coulomb gauge condition in (G.4). A prime above is a derivative
with respect to z and d is the flat boundary Laplacian. Transforming to momentum
space along the boundary directions we obtain(
∂2z + (d− 3)A′∂z − p2
)
aµ(z, p) = 0 , p
µaµ = 0 (G.6)
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We first study this equation in AdSd+1 with e
A = L
z
. Then (G.6) becomes(
∂2z −
(d− 3)
z
∂z − p2
)
aµ(z, p) = 0 , p
µaµ = 0 (G.7)
with linearly independent solutions u
d−2
2 K d−2
2
(pz) and z
d−2
2 I d−2
2
(pz) with p ≡
√
p2.
The regular solution in the IR (z → ∞) is the one proportional to the K function.
We can now construct a bulk-to-bulk propagator as
Gµν(z, x; z
′, x′) = −(zz
′)
d−2
2
Ld−3
∫
ddp
(2π)d
e−ip·(x−x
′) aµν(p)


I d−2
2
(pz)K d−2
2
(pz′), z < z′
I d−2
2
(pz′)K d−2
2
(pz), z > z′.
+
(G.8)
+C K d−2
2
(pz)
]
where aµν is a symmetric dimensionless transverse projector, p
µ aµν = 0. The arbi-
trary constant C reflects the freedom of imposing boundary conditions near the AdS
boundary. For Neumann boundary conditions C = 0, and this is what we entertain
in the rest.
Another equivalent formula for the bulk to bulk propagator is derived using the
spectral representation for the Dirac delta function
δ(z − z′) =
√
zz′
2
∫ ∞
0
dk2Jν(kz)Jν(kz
′) , (G.9)
in order to obtain the mixed propagator (position space in the radial - momentum
space in the transverse directions)
Gµν(z, z
′; p) = −(zz
′)
d−2
2
Ld−3
aµν(p)
∫ ∞
0
dk2
(2π)d
J(d−2)/2(kz)J(d−2)/2(kz
′)
k2 + p2 + iǫ
. (G.10)
Upon performing the integral, we obtain the integrand of eqn. (G.8).
We now set the source and the observation point in the radial direction, to be
the same point, z = z′, and study the momentum dependence of the bulk-to-bulk
propagator, dropping the tensor structure
G0(z
′, z′, p) = −(z
′)d−2
Ld−3
I d−2
2
(pz′)K d−2
2
(pz′) (G.11)
The large and small momentum dependence of G0 can be obtained from the proper-
ties of the Bessel functions. For large momenta, we obtain
G0(z
′, z′, p) = −(z
′)d−3
2Ld−3
[
1
p
+O (p−3)] (G.12)
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which is the leading behavior of the bulk-to-bulk propagator in flat space, as ex-
pected.
At the position z = z′ the induced metric is γµν =
L2
u′2
ηµν . Performing a rescaling
of coordinates so that the metric at that point becomes ηµν we obtain the rescalled
bulk to bulk propagator.
G¯µν(z, x; z
′, x′) = −z′
( z
z′
)d−2
2
∫
ddp
(2π)d
e−ip·(x−x
′)aµν(p)

I d−2
2
(pz)K d−2
2
(pz′), z < z′
I d−2
2
(pz′)K d−2
2
(pz), z > z′.
(G.13)
Then (G.11) and (G.12) become
G¯0(z
′, z′, p) = −z′ I d−2
2
(pz′)K d−2
2
(pz′) (G.14)
G¯0(z
′, z′, p) = −1
2
[
1
p
+O (p−3)] (G.15)
For small momenta, the propagator has a regular expansion in power of p2, with
the first non-analyticity appearing at order (p2)
(d−2)
2 log p2 for even d.
Moving beyond AdS, we can state that the leading behavior of the propagator
both in the UV and IR remains the same as in AdSd+1 above. The details of the
holographic RG flow enter at subleading orders and modify the coefficients of the
IR expansion and provide novel non-analyticities in the IR (p → 0). However, as
such non-analyticities are driven by irrelevant operators in the IR, their powers are
subleading and we can write, in general
G¯0(z
′, z′, p) =
1
m
[
d0 + (d2 + d
′
2 log
p2
m2
)
p2
m2
+O(p4)
]
(G.16)
for all RG flows that end in AdS5 in the IR. m is the characteristic scale of the QFT
and di are dimensionless coefficients that can computed from the background data.
The situation with flows that are ending in an IR singularity, that is “good”
in the Gubser classification, do not change the expansion in (G.16) as was already
argued in [39].
The large distance properties of the static potential mediated by (G.16) are as
follows, [56]
V (r) =
1
2π2r
∫ ∞
0
pdp sin(pr)G¯0(z
′, z′, p) ≃ 3d
′
2
2πm3r5
[
1 +O(r−2)] (G.17)
where the integrals are defined by introducing a convergence factor like e−ap and
taking the limit a→ 0 in the end.
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